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^ We extend the study of scattering amplitudes presented in "The LHC String Hunter's Companion" [1] 

^ to the case of five-point processes that may reveal the signals of low mass strings at the LHC and are po- 
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tentially useful for detailed investigations of fundamental Regge excitations. In particular, we compute 
^ the full-fledged string disk amplitudes describing all 2 — > 3 parton scattering subprocesses leading to 

^ the production of three hadronic jets. We cast our results in a form suitable for the implementation of 

stringy partonic cross sections in the LHC data analysis. We discuss the universal, model-independent 

c3 features of multi-parton processes and point out the existence of even stronger universality relating 

A^-giuon amplitudes to the amplitudes involving A^— 2 gluons and one quark-antiquark pair. We con- 
struct a particularly simple basis of two functions describing all universal five-point amplitudes. We 
also discuss model-dependent amplitudes involving four fermions and one gauge boson that may be 
relevant for studying jets associated to Drell-Yan pairs and other processes depending on the spectrum 
of Kaluza-Klein particles, thus on the geometry of compact dimensions. 
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1 Introduction 



As it is well known for a long time [2], string theory contains a huge number of ground states, a problem 
which is often referred to as the string landscape problem. This observation raises the question about 
the predictive power of string theory or, respectively, if string theory is testable. In particular one 
likes to understand if all or at least some four-dimensional string vacua share some common, model 
independent features, which are true in large region of the string landscape. In a statistical approach 
[3, 4] to the string landscape one would also search for correlations or anti-correlations between low 
energy observables. 

One way to obtain model independent statements about four-dimensional string compactifications 
is to completely decouple gravity. Decoupling gravity, namely performing the limit Mpianck/-^FT — ^ oo 
(MpT is the field theory scale in question, e.g. the GUT scale Mqut or the scale of the Standard Model 
-^Sm), basically means that one keeps the field theory degrees of freedom of the low energy effective 
gauge theory, given by a GUT theory or by the Standard Model (SM), and throws away all extra 
heavy string modes. It is then interesting to see if the effective field theory possesses some universal 
features that are independent from the details of the compactification, i.e. from the gravity theory at 
high energies. This strategy was recently pushed forward in F-theory compactifications [5], where it 
was claimed that F-theory on Calabi-Yau four-folds, which are fibrations over del-Pezzo surfaces, lead 
to model independent predictions. 

Warped compactifications, or in the extreme case the AdS/CFT correspondence provide concrete 
realizations of decoupling gravity and heavy string excitations. Due to the warping of space-time, the 
excited string states are blue-shifted and therefore become very heavy. In the extreme case of expo- 
nential warping (the AdS geometry) the excited string modes become infinitely massive and therefore 
completely decouple from the field theory (gauge) degrees of freedom. 

Undoubtedly, decoupling of all string degrees of freedom might be a good test to see if the effective 
field theory exhibits testable, new and perhaps universal features. However this procedure is certainly 
not a real test of string theory itself. A much more powerful, interesting and in some sense orthogonal 
strategy is to search for the excited string states in high energy experiments. Of course, up to now 
this can be done only if these states are not too heavy, i.e. accessible to collider (LHC) energies. This 
is precisely what we discussed in a previous article [1]. In fact, the heavy string excitations, called 
Regge states, are comparably light in scenarios of large extra dimensions that are a very appealing 
solution to the hierarchy problem [6, 7], see [8] for a review. The gravitational and gauge interactions 
are unified at the electroweak scale and the observed weakness of gravity at lower energies is due to 
the existence of large extra dimensions. Gravitons may scatter into the extra space and by this the 
gravitational coupling constant is decreased to its observed value. Extra dimensions arise naturally in 
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string theory. Hence, one obvious question is how to embed the above scenario into string theory and 
how to compute cross sections. 

The basic relation between the Planck mass, the string scale (the mass of the Regge states) and 
the volume Vq of the compact (unwarped) internal space is well known, see e.g. [9]: 

^Planck ~ ^'tring^e- (l-l) 

As it is clear from this relation, Mpianck can be kept large in two extreme ways, namely (i) choosing the 
string scale Mgtring high, of order of the Planck mass, and Vq ^ 0(1), or (ii) to choose the string scale 
low, Mstring ~ C(l TeV), in which case the volume of the extra dimensions is large, Vq ^ 0(10^^). It is 
of course not clear if (ii) - the large extra dimension scenario - is realized in nature, but if so it would 
imply dramatic consequences for near future collider physics: around or even a bit below the mass 
thresholds of the excited string Regge excitations SM-processes would receive large stringy corrections, 
which could be seen at the LHC. This program was initiated in Refs. [10, 11], where high transverse 
momentum photons associated with hadronic jets were proposed as probes of low mass strings. The 
underlying parton subprocess is dominantly the gluon fusion into gluon plus photon. The corresponding 
amplitude was evaluated at the string disk level, and it was found completely universal, i.e. common 
to all D-brane models and independent of the compactification details. Actually, this universality 
was known [12, 13] to hold for all amplitudes involving gauge bosons (without matter fields) although 
its phenomenological importance was not so widely appreciated. In [1] we computed all tree-level 
cross sections for external SM particles at the four parton level, and in Refs. [14, 15] we discussed 
possible signatures of these string corrected cross sections in dijet events. The most important result 
of the analysis done in Refs. [1, 14, 15] can be summarized as follows. We could show that in a large 
class of intersecting brane models (type IIA/B orientifolds - see e.g. [16]) not only the purely gluonic 
amplitudes but also the amplitudes involving one quark-antiquark pair plus any number of gluons are 
completely model independent. So computing these effects for the four gluon and two gluon - two 
fermion amplitudes at the LHC, one obtains universal tree level answers irrespective of the details 
of the type II landscape. In this sense model independent, stringy predictions are possible, and the 
problem of the string landscape is nullified at the LHC. On the other hand, four-fermion amplitudes 
do depend on the details of the internal geometry, namely on the masses of the Kaluza-Klein (KK) 
and/or winding modes. Therefore to compute the four-fermion amplitudes and to measure their effects 
at the LHC would allow investigating some properties of the internal compact space. 

In this paper we generalize the previous computations to five-point amplitudes. These are again 
very relevant for LHC physics, since five-parton amplitudes describe in particular 2^3 "hard" parton 
scattering underlying the production of three hadronic jets. They are also relevant for many other 
processes important for studying string effects, including photon-dijet production, one jet plus lepton- 
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antilepton pair creation etc. Here again we find that five-point amplitudes with at most two fermions 
depend on the Regge modes only and not on the internal geometry. We also discuss universal properties 
of higher-point amplitudes describing multi-jet production and other multi-particle processes. 

The paper is organized as follows. In Section 2, we discuss some general properties of five-point 
amplitudes and explain how they are affected by the presence of Regge excitations. We discuss the 
universality issue and set up the formalism for computing full-fledged string disk amplitudes in D- 
brane constructions of the SM. In Section 3, we summarize previous results on five-gluon amplitudes. 
In Section 4, we compute the amplitudes involving three gluons and two fermions and we recast them 
in a form very similar to five-gluon amplitudes. We explain the origin of the relation between these 
amplitudes. In Section 5, we discuss further relations that allow expressing all partial amplitudes in 
terms of two independent functions combining hypergeometric functions and kinematic variables (in 
general, in terms of (A^ — 3)! functions for A^-point amplitudes), which can be very useful for assembling 
partial amplitudes into the full amplitude. We find a very simple basis common to ggggg and gggqq 
processes. In Section 6, we compute the amplitudes with one gluon and four fermions. In Section 7, we 
discuss relations between the partial amplitudes involving one vector boson g and four fermions, gxXXX 
{x are gauginos) and gqqqq. In Section 8, we present all amplitudes squared, summed over helicities 
and color indices, in a form suitable for applications to collider physics. Some phenomenologically- 
oriented readers will certainly find out that Sections 2 and 8 are the ones most relevant to the LHC 
applications. 



2 String Regge excitations and five parton amplitudes 

2.1 Massive string states 

Each SM particle is accompanied by an infinite number of massive string excitations. Generically, in 
any string compactification of this kind we expect, among other fields (neutral moduli, bulk KK modes), 
the following open string excitations of the SM fields, which will be important for our discussion: 

(i) String Regge excitations: 

The most direct way to see stringy effects is to measure the open string oscillator excitations, the 
so-called Regge modes. There are infinitely many open string Regge modes, and their mass-squares 
are multiples of the string scale M^^^-^^^: 

^Regge = "^string , "GN. (2.1) 

This part of the mass spectrum follows the well known Regge trajectories, since these particles are the 
oscillator excitations of the SM particles with in general higher spins, where the highest possible spin 
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at each level (n + 1) is limited by the oscillator number n. Moreover, these stringy Regge excitations 
carry SM quantum numbers, i.e. they may be produced by pp-collisions. 

(a) Small (longitudinal) cycle KK particles: 

Since the D-branes are wrapped around internal, p-dimensional cycles of the compact space, one always 
gets the open string KK excitations of every SM particle. The masses of the KK particles are related 
to the volumes of the internal cycles, and one generically obtains: 

Tn 

Mkk = , mGN. (2.2) 

Vp 

Since the volumes Vp are of the order of M^^^^^^ to get the correct values for the gauge coupling 
constants, the masses of the KK modes are roughly also of the order of the string scale. The integer m 
denotes internal KK charge, i.e. the internal momentum of the KK modes along the internal directions 
of the wrapped D-branes. This KK charge has to be preserved in any scattering process of the light 
SM fields. In addition, the KK particles carry SM quantum numbers, and hence they can be directly 
produced at the LHC. In addition to the KK particles, one may also have winding strings, if the p-cycles 
allow for non-contractible circles as submanifolds. Again their masses will be of order Mgtring- 

(Hi) Mini black holes: 

Let us also briefly comment on the possible creation of (mini) black holes in string scattering 
processes. In contrast to the string Regge excitations and the KK (winding) modes, the black hole 
states are of non-perturbative nature, and their masses are basically determined by the scale of gravity 
in the higher dimensional bulk theory. More precisely, the energy threshold for black hole production 
is given by^: 

E^.^. . (2.3) 

5'string 

Comparing this with the masses of the perturbative string excitations in eq.(2.1), one recognizes that 
one first produces n* l/S'string string states before one reaches -Bb.h- In case of weak string coupling, 
n* is a quite large number, e.g. for the string coupling constant being of the same order as the gauge 
coupling, (j'string ~ 0.2, u* « 625. Hence black hole production will not be of any relevance for our 
further discussion. 

In this work we compute five-point scattering amplitudes among the massless SM model open string 
fields as external particles. These amplitudes will be dominated first by the exchange of the light SM 
fields themselves, second by the exchange of the string Regge excitations and third possibly also by the 
exchange of KK and/or winding modes. The heavy Regge modes together with the KK/winding modes 

^This estimate is derived by comparing the black hole entropy, <Sb.h. ^ 1/Gjv ^ l/ffstring with the string entropy, 

«5string [17]. 
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will therefore constitute the stringy corrections to any SM scattering process. In the limit of a' — 0, i.e. 
-^string — oo, One should always recover the known field theoretic SM scattering amplitudes. As we will 
discuss in the following, there exist entire classes of string amplitudes, for which only the string Regge 
modes but not the KK/ winding modes contribute. Hence this class of string amplitudes is completely 
universal and not affected by any detail (geometry, topology) of the internal compact space. 

String Regge resonances in models with low string scale are also discussed in [18, 19, 10, 11, 1, 14, 
20, 15, 21], while KK graviton exchange into the bulk, which appears at the next order in perturbation 
theory, is discussed in [18, 22] at the level of four-point amplitudes. 

2.2 Five— particle kinematics 

We begin by summarizing our notation, conventions and some basic facts about five-particle kinematics. 
The kinematic variables commonly used in data analysis are mass dimension two invariants 

Sij = {ki + kjf , (2.4) 

where ki denotes the momentum of i-th particle. Note that the momenta are always subject to the 

5 

momentum conservation constraint, Yl ki = 0, and all external particles arc on-shcll, kf = 0. By using 
momentum conservation, the scalar products Sij can be expressed in terms of 5 independent invariants 
Si, i = 1, . . . , 5 

si = {ki + k2f , S2 = {k2 + k^f , S3 = ik3 + kif , 54 = {k^ + k^f , S5 = (^5 + kif , (2.5) 
as written in Table 1. 
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Table 1. The scalar products Sij = 2kikj, with i and j labeling rows and columns, expressed in terms 
of the kinematic invariants si, . . . , S5 [13]. 

In order to write down the amplitudes in a concise way, it is convenient to introduce dimensionless 
variables 

Sij = a' Sij , Si = a' Si (2.6) 
€{i,j,m,n) = a'^ Cap^u k" kj /.^ /c^^ , (2.7) 
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where ea/Sui/ is the four-dimensional Levi-Civita symbol. The factors of a' render the above invariants 
dimensionless. 

2.3 Regge excitations and contact interactions 

Due to the extended nature of strings, the string amplitudes are generically non-trivial functions of a' 
in addition to the usual dependence on the kinematic invariants and degrees of freedom of the external 
states. In the effective field theory description this a'-dependence gives rise to a series of infinite many 
resonance channels^ due to Regge excitations and/or new contact interactions. 

Generically, as we shall see in the next Section, tree-level string amplitudes involving five gluons or 
amplitudes with three gluons and two fermions are specified by a basis of two Gaussian hypergeometric 
functions /i, /2 depending on the kinematic invariants si, . . . ,§5. More concretely, each disk amplitude 
M{ki, k2,k3,k4,k5, a') with five external open string states with momenta ki can be expressed in terms 
of two hypergeometric functions /i and f2- 

1 1 

/i = J dx J dy x'^-^ y'^-^ (1 - xf^ (1 - y)'^ (1 - xyY^-'^-'* , 

\ \ (2.8) 

/2 = j dx j dy x'^ (1 - x) '' (1 - y)'^ (1 - xy)^i-^3-s4-i ^ 


multiplying some kinematic factors. The a'-dependence of the two functions (2.8) is implicitly contained 
in the invariants Sij with a' setting the mass units for kinematic variables. 

2.3.1 Exchanges of string Regge excitations 

The five-point amplitudes M.{ki,k2,ks,k4,k5;a') may be understood as an infinite sum over poles 
with intermediate string states \k;n) exchanged. In the following we present two descriptions. For 
both descriptions we first rewrite the two functions (2.8) as: 



/i = 7(^35, n) -5(523 + n, S34 + 1) -6(545 + 1, + n) , 

n=0 

00 

/2 = 7(^35 - 1, n - 1) -6(523 + n, S34 + 1) B{s45 + 1, ^51 + n) 



(2.9) 



n=l 

Above we have introduced the residuum 



j=i 

^In addition, there may be additional resonance channels due to the exchange of KK and winding states, as it is the case 
for ampUtudes involving at least four quarks or leptons, c.f. also Subsection 2.4. 
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which determines the three-point couphng of the intermediate string state \k]n) to the external par- 
ticles. Furthermore, the Euler Beta function: 

B{a, b) = f dx (1 - xf-' = ^fMZM . (2.11) 
Jo r(a + b) 

Now let us present two rewritings of the expression (2.9) for /i,/2. This manipulation will make 
manifest the exchange of string Regge excitations. 

In the first case the two functions /i, /2 may be written as two infinite sums over S23 and ssi-channel 
poles with the intermediate string states \k;j) and \k';j') exchanged. More precisely, (2.9) may be cast 
into: 

00 00 min(n,n') ■\ / - / ■\ 

n = y^l^ 7(^35, J : 1 -, , 

r^in r, S23 + n ^51 + n' 

n=Un'=0 1=0 , , 

(2.12) 

oo oo mm(n,n') -n i ■\ 

h = HY. 7(^35 -1,.-1) ^(-34,n-,) 7(^45,n-,) ^ 

S23 + S51 + n' 

n=\n'=\ j = l 

Since := {k2 + ^3)^ = 823/0' and k''^ := {ki + ^5)^ = s^i/a' the expression (2.12) describes the 
two intermediate exchanges of an infinite number of string states \k; n) and n') with highest spins 
n + 1 and n' + 1, respectively and the sum of three-point couplings 7(534,72 — j) and 7(545, n' — j), 
respectively, c.f. Figure 1. 





\ k\n) \ k';n' ) 

k2 fci 
Figure 1: Exchange of string Regge excitations. 

Clearly, in the sum of /i the term j = encodes the canonical exchanges "''j^^^'^-' "^fa^'^,-^ , encountered 
in [1]. 

In the second case the functions fi , /2 may be written as one infinite sum over S2-channel poles 
with the intermediate string states \k;n) exchanged. More precisely, (2.9) may be cast into: 

/l = EE7fej)^^^^5^^i?(545 + l,%l+.), 

S23 + n 

n=0 7=0 

(2-13) 

h = EE ^(^35 -l,J- 1) ^^'^'Z B{S,, + 1,551 +J) . 
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Since k'^ := {k2 + ks)"^ = 523/0' the expression (2.13) describes the intermediate exchange of infinite 
string states \k;n) with highest spin n + 1 and the sum of three-point 7(534, n — j) and four-point 
-B(s45 + 1) S51 + j) couphngs, c.f. Figure 2. 




Figure 2: Exchange of string Regge excitations. 
2.3.2 String contact interactions 

Another way of looking at the expressions (2.12) and (2.13) appears when we express each term in the 
sum as a power series expansion in a'. For (2.12) we may rearrange the triple sum and expand each 
term by a': 

00 00 min(n,n') ^ oo oo 

A = EE E - = E - + «'°( E E--+ E E 

n=On'=0 j=0 n=n'=j=0 ^ n'=j=On=l n=j=On'=l 

s ' V ^ ' ^ 



=-C(2) =-<{2) 



+ E E-+ E E^-+ E ■■■ ) + 

n'=j=On=l n=j=On'=l n=n'=j=l 

^ V ' ^ V ' ^ V ' 

=((3) °3 (''2+''3) =C(3) "4 (M+'is) =C(3) (-S1+S3+S4) 

00 00 min(n,n') oo 

A = EE E - = °'° E •■■ 

n=l n'=l j=l n=n'=j=l 

^ V ' 

=C(2) 

/ 00 00 00 00 00 

/I 



E ■ + EEE- + EEE-) + 

n=n'=j=l n=ln'>nj=n n'=l n>n' j=n' 



=-C(3) (S1+S2-S3-S4+S5) =-S4 =-S3 VK(1,1,1) 

with Ty(l, 1, 1) = 2C(3) [23]. In total, we have: 

Jl = ^r^^ C(2) — + — + C(3) -si + S3 + S4 H : \ : + 0{a ^ 



(2.14) 



S2S5 \S5 52/ V S2 S5 

/2 = C(2) - C(3) ih + S2 + h + h + h) + 0{a'^) . 

(2.15) 
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In (2.14) the first term of /i stemming from n = n' = j = gives the field-theoretical contribution^. 
On the other hand, in the next two brackets of /i and in /2 infinite many SR states are summed up and 
give rise to the first string corrections. Furthermore, in (2.14) string contact terms arise from terms 
without poles. E.g. at the order a'^ the infinite sum over SR states comprises into a contact term with 
five external states, c.f. the next Figure 3. 




Figure 3: New string contact interaction. 



2.4 Universal properties of parton amplitudes 

Parton amplitudes are important for collider phenomenology since multijet production is dominated 
by tree-level QCD scattering. Therefore those parton amplitudes that are generic to any string com- 
pactification are especially important, as they may give rise to universal string signals independent on 
any compactification details. Amplitudes involving an arbitrary number of gluons g (or gauginos x) 
but only two quarks "0 or squarks (p are of this kind. More precisely, the following A^-point amplitudes: 

— (2-16) 

are completely universal to any string compactification, i.e. they do not depend on the compactification 
details. Using space-time supersymmetry we may also replace gluons g by gauginos x- The reason for 
the universality of the above amplitudes can be explained in terms of the diagrams shown in Figure 4. 
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Figure 4: Exchanges of gluons and KK states in A^-parton amplitudes. 

A possible model dependence would originate from an exchange of a KK or winding state between the 
two quarks or squarks and the remaining N — 2 gluons (or gauginos). However, in contrast to gluons 
•^To obtain the correct mass dimensions these expressions are multiplied by a'^. 
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or gauginos the KK or winding state carries an internal charge. Hence such an exchange would violate 
charge conservation, unless there is at least one quark-antiquark pair on the right hand side of the 
diagram. Hence amplitudes involving four and more quarks are model dependent due to possible KK 
or winding exchange, but the amplitudes (2.16) involving no more than one quark-antiquark pair share 
universal properties insensitive to the compactification. 

The two amplitudes in the first column of (2.16) are related through supersymmetric Ward identities 
[24], cf. also [25]. Similarly, the last two amplitudes of the second column of (2.16) are related through 
supersymmetry. Since the first set of amplitudes involves only members of a vector multiplet, while 
the second set also involves chiral multiplets one docs not expect a priori a relation between those 
two sets. However, four-point amplitudes involving quarks and gluons exhibit a higher degree of 
universality which becomes obvious after writing the following partial amplitudes [13, 1] side-by-side: 

Migt.ai.g^.gt) = V V<-*\k) ,i2|[23p4][4l| Tl(T°T"T°»r") (2.17) 
M(gt.gi,,i,i) = 2,' pIIIIjji (I-.T«)| , (2.18) 

which makes it clear that the same string form factor V^'^\si) = sui~^B{s, u) (of Mandelstam variables 
normalized in string units) describe the effects of string Regge excitations in both amplitudes. We will 
find a similar result for five-point functions, where the effects of string Regge excitations are described 
by two universal, "generalized" string form factors. We discuss it in more detail in Sections 4 and 
5. In general, all universal AT-point amplitudes (2.16), can be expressed in terms of (AT— 3)! model- 
independent hypergeometric functions [13]. The amplitudes involving more than one quark-antiquark 
pair can be also expressed in terms of {N—3)\ functions, but these functions are sensitive to the 
spectrum of KK excitations, thus to the geometry of extra dimensions, see Sections 6 and 7. 



2.5 Five— point string amplitudes of gauge and matter SM fields 
2.5.1 D-brane set up for SM open strings and their excitations 

In this Section we will give a brief summary about how the SM is realized by intersecting D-branes. 
More details can be found, e.g., in reference [16, 1]. The following set-up applies for type IIA and type 
IIB orientifolds with intersecting D6- or D7-branes, respectively. The D-branes are space-time filling, 
and they are wrapped around certain p- dimensional cycles (p = 3, 4) inside the compact space. This 
set-up is in principal also valid for F-theory, which provides the non- pert ur bat ive uplift of the type 
IIB orientifolds with intersecting D7-branes. Therefore the considered D-brane quiver locally describes 
a large class of four-dimensional string vacua. As it is shown in Figure 5, the SM particles can be 
locally realized as massless open string excitations that live on a local quiver of four different stacks of 
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intersecting D-branes. The corresponding quiver SM gauge group is given by 

G = GaxGtxGcxGd = U{3)aXU{2)kxU{l)cXU{l)d . (2.19) 



(c) right 




Figure 5: The realization of the SM by four stacks of intersecting D-branes. 

Note that there are four different U{1) gauge group factors. In a specific compactification, most of 
them win be anomalous, such that the corresponding gauge bosons become massive by the Green- 
Schwarz mechanism. However one has to ensure that the gauge boson of the hnear combination, 
which determines the weak hyper charge, stays massive. The U{1) gauge symmetries, which are 
anomalous or which correspond to massive gauge bosons, nevertheless remain as global symmetries in 
all perturbative scattering amplitudes. In particular, the symmetry associated to U{l)a is the baryon 
number conservation. Hence all perturbative processes respect baryon number conservation. Of course 
there might be other dangerous processes in string perturbation theory, such as flavor changing neutral 
currents, which are in general not prohibited by the global U{1) symmetries of this D-brane quiver. 
However this is a model-dependent issue, which we do not address here. 

Specifically, the SM gauge bosons in the adjoint representations of the gauge group G such as 
the gluons, the weak gauge bosons and the hyper charge gauge boson (being associated to linear 
combination of the various U{1) factors), correspond to open strings with two endpoints on the same 
stack of D-branes. On the other hands, the SM matter fields such as quarks and leptons are open strings 
located at the various intersection points of the four different D-branes (and their orientifold images). 
They transform under bi-fundamental representations of the four gauge group factors, and they can also 
be in the anti-symmetric representation 3a of SU{3)a, in case the color stack of D-branes is intersected 
by its orientifold image. As it turns out the four stack D-brane quiver reproduces all quantum numbers 
of the SM particles in a straightforward and natural way. In fact, no GUT embedding is necessary 
to explain the gauge quantum numbers of the SM particles. The family replication is explained by 
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multiple intersections of the D-branes inside the compact space. Moreover it is shown in [26] that one 
can construct consistent type II string compactifications on the Zg orientifold which reproduce the 
spectrum of the SM with three generations of quarks and leptons and without chiral exotics. 



2.5.2 Five open string amplitudes 

This Section deals with the supcrconformal field theory on the worldsheet boundary. Basic ingredients 
for stringy scattering amplitudes are the SCFT correlation functions involving the dimension 1 vertex 
operators of the partons and gauge fields. 

Disk amplitudes involving open strings $i as external states comprise into a sum over all the 
possible orderings of the corresponding vertex operators along the disk boundary. For each cyclically 
inequivalent S5 permutation p, there is a partial amplitude Mp obtained from appropriate integration 
over worldsheet positions. Schematically, this means 

>f($i,$2,$3,^4,$5) = J2 Mp{^l,^2,^3,^4,^5) (2.20a) 
Alp(^.i,$2,$3,a>4,$5) = V^CKG / (^n^fZfcj (y<,,(zi)...V$,(z5)) (2.20b) 

where the $i represent SM particles, V$. their corresponding vertex operators and Ip, Vckg some 
details about the integration over the vertex positions Zk to be specified later. 

The world sheet integrals relevant to any superstring disk amplitudes involving five external partons 
are more involved to handle than the four particle analogue. The latter basically boils down to the 
Euler Beta function (2.11). On the other hand, the five-point case is described by the Gaussian 
hypergeometric function 3F2, c.f. [23] for a more detailed discussion: 







;i ■ 

. a + c, b + d 

(2.21) 



2.5.3 Open string vertex operators 

The vertex operators of the gauge vectors are given by 

Vi:'\z,^,k) = {2a')y^ g,,p^{T-)lli,r{z)e-^^^) e^'^''^^^ (2.22a) 

Fi?(z,C,fc) = 5Dp„ [tXI [ idX^iz) + 2«' mz) Viz) ] e^^^(^) . (2.22b) 

in the (—1) and 0-ghost picture, respectively. They are specified by the polarization vector the 
spacetime four-momentum kp, and the worldsheet position z on the boundary of the disk. The coupling^ 

^In this work we refer to stack a as the QCD stack and identify the respective Dp-brane coupling gop^ with the QCD 
coupling constant g, i.e.: gopa = 9- 
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dDpa well as the Chan Paton factors T'^ depend on the stack of Dj>-branes to which the gluon in 
question couples, c.f. [1] for details. 

Furthermore, the chiral fermion vertex operators describing quarks and leptons are given by [9, 1] 



/3i 



ikX{z) 



V. 



f/3 

(-1/2) 



{z,u,k) = V2 e<^io/2 (^^^^i g^^^^ ^-4>(z)/2 ^anb^^^ ^ikx{z) 



(2.23a) 
(2.23b) 



in the (— l/2)-ghost picture. The helicity information is specified by the (massless) Dirac four-spinors 
M, -u, which are contracted with the D = 4 Ramond spin fields Sa,S^ of conformal weight 1/4. The 
boundary changing operators H"'"''', H"'"''' carry the internal degrees of freedom of the Ramond sector 
associated to the internal part of the SCFT. Their two-point correlator is given by [1]: 

1 



{Zl - Z2)3/4 • 



(2.24) 



{E-''\zi)E-''\z2)) 
The normalization of this correlator is fixed by unitarity. 

3 Five gluon amplitudes ggggg 

Five gluon amplitudes have been studied in Refs. [27, 23, 12, 13]. The corresponding string disk 
diagram is shown in Figure 6. 




Figure 6: Gauge boson vertex operators along the boundary of the disk world-sheet. 



The complete amplitude can be generated from the maximally helicity violating MHV amplitudes 
[12, 13]. There are 24 possible orderings of the five gluon vertex operators along the boundary of the 
disk, cf. Figure 6. Usually only one amplitude is written explicitly ~ a partial amplitude associated 
to one specific Chan-Paton factor - although all of them are necessary for collider applications. We 
start from one specific "mostly minus" helicity amplitude with the Chan-Paton factor corresponding 
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to the order p= (1,2,3, 4, 5). In Refs. [12, 13], we introduced^ two basis functions, which are given in 
Eq. (2.8) and allow to write the amplitude in a very simple way 

A^(i2345)(5^52~,53",5r,55+) = [ ^^'^(^i) " 2i p(5)(, .) 2, 3, 4) ] M'^^^^pt,g2,g^,gl,gt) > (3-1) 

where the QCD amplitude is 

M^^,4gt,g^.g-,,g-..gt) = 4^2/ ^^,^^,3^^^^ iv(r- r- t- r-). (3.2) 

and the prefactor contains 

V^^\sj) = S2S5 /i + ^ {S2S3 + S4S5 - S1S2 - S3S4, - S1S5) /2 (3.3) 
P^'Hsj) ^ h (3.4) 

The result Eq. (3.1) has a nice factorized form, with the string effects succinctly extracted in a 
single factor multiplying the field-theoretical QCD amplitude. In order to discuss other orderings, it 
is convenient to introduce the kinematic function 

k. k.) = ^^^H^.) - 2^p(5)(.,)e(l,2,3,4) 
C{ki,k2,k3,k^,k5) - [12] [23] [34] [45] [51] ' 

so that 

•M(i2345)(5i+,52",53",54",55'") =4^2 5'[15]" C{ki,k2,ks,k^,k5) Tr(r«ir«2T«3r«4T»s) (3.6) 

Note that the function C is even under cyclic permutations of the momenta and odd under mirror 
reflections (1,2,3,4,5) ^ (5,4,3,2,1). 

The amplitudes associated to other orderings (for the same helicity configuration) can be 
obtained from Eq. (3.6) by simultaneous permutations of the gauge group generators, 
(01,02,03,04,05) — ^ (oip, a2p, osp, 04^, osp) and momenta inside the C-function, (fci, A;2, A;3, ^4, ^5) — > 
(kip, k2p, ksp, k4p, k^^), where p is one of the 24 permutations in and ip = p{i). Note that the 

"helicity factor" [15]^ remains intact. Due to antisymmetry of C-functions under mirror reflections, the 
relevant color factors are 

^0102030405 _ 1'r(T"^^ ^^0,2 2^03 rpa4 rpas^ Tr(T"^^ rpa.4 rj^dS 'J^0,2 rpai^ 

^ yoi02n ^^03040571 ^ jasajm ja^nm'j | ^ yaiaan ^^02040571 ^ ja2a4m ja^nm^ 

_j_ ^ ya2a3n ^^ai0405n j'^yaiasm ya4nm^ _j_ ^ ^•0405"' (^01020311 _| ja2a3m jamm'^ 



^In Sections 3-7 and in the Appendix we use dimensionless variables (2.6). However, in order to streamline notation, we 
omit carets. We will switch to standard kinematic variables (2.4) and (2.5) in Section 8. 
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where d-symbols denote symmetrized traces and /'s are the structure constants. Now the full amplitude 
can be written as a sum of twelve terms 

pens 

where: 

Hs = {(1,2,3,4,5), (1,2,4,3,5), (1,3,4,2,5), (1,3,2,4,5), (1,4,2,3,5), (1,4,3,2,5), 

(2,1,3,4,5), (2,1,4,3,5), (2,3,1,4,5), (2,4,1,3,5), (3,1,2,4,5), (3,2,1,4,5)}. (3.9) 

All other "mostly minus" amplitudes, with the two positive helicity gluons labeled by arbitrary i 
and j instead of 1 and 5, can be obtained from Eq. (3.8) by simply replacing the helicity factor 
[15]^ — > [^'''J^]^. "Mostly plus" amplitudes are obtained by complex conjugation. 

4 Three gluon and two fermion amplitudes gggqq 

In this Section we compute the full string amplitude M for two quarks and three gluons. The SCFT 
correlation function involved is the following, c.f. (2.20b): 

In (4.1) the ghost pictures are adjusted such that the background charge of —2 is compensated by the 
total ghost number. The p subscript only affects the Chan Paton degrees of freedom subject to the 
ordering p of the five vertex operators to be specified later. 

With all the ingredients presented in Section 2 and in the Appendix A the full SCFT correlator 
(4.1) involving the five parton vertex operators is evaluated in the following. 

4.1 Kinematic structure of the amplitude 

After performing all Wick contractions the correlator (4.1) gives rise to many kinematic terms. For an 
easier bookkeeping, we will introduce shorthands for the index structures in which the momenta ki, 
spinors u, v and polarization vectors occur. They are ordered according to the number of a matrices 
and reduced with the help of momentum conservation, the transverse gauge condition ki^i = and the 
massless Dirac equation kinua^v = ks^ua^^v = 0. 

Let us first of all list the thirty terms where the Ramond spinors contract with a single Dirac matrix: 

X'' = {^ik2){^2ki)^3f,{ua''v) , X^' = {^^3) {^iks) k2^, [u a'' v) , 
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x^ 

X' 

x^ 
x^ 
x^^ 



X 



11 



12 



X 

x^^ = 



X 



X 



14 



15 



ua 



6fei) (6fci)6M 

6^2) (6^3) 6m 

g.(66)6M(^^^^) , 
6fci) (6^2) 6m 
66) (6/^2) feiM 
66) (6^2) 
6^2) (6^2) 6m 
66) (6^:2) fe^ 
6^3) (6^3) 6m 
6^3) (6^1) 6m 
66) (6^3) fciM 



ufj'^ ?;) 
lio-'' i)) 
na^ v) 
ua^ v) 
ua'^ v) 
ua^ v) 



ua^ v) 



ua^'v] 



X 
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X 
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X 



20 



X 



21 



22 



X 



23 



24 



25 



26 



^29 



X 



30 



Further fourteen cases with a g^u^g^ triple product arise: 



= 
= 

y = 

y = 

y' = 

= 



y 
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\ (6^1) 6m ^2. 6a [ua^a^'a^v) 
\ (66) fciM^2.6A (n^r'^a-a^t;) 
\ (6^3) fe2M6..6A (ua'^a^a^i)) 
^ (66) A;i^A;2.6a (ua'^a'^a^i)) 
i (6^:2) k^^iivi2x{ua^a''a'^v) 
\ (6^4) fciM6.6A (na'^a'^a^D) 



3^ 



14 



y^ = 

y' = 

376 = 

y^ = 

y'^ = 



(6^:4) (6A;i)6m {u<^''^) 

(6^2) (6^4) 6m {u(^^v) 
iCiks) (6^4) 6m {uaf^v) 

(6^:4) (6^1) 6m i^'^'"^) 

(66) (6^4) [ua'^v) 
(6^:4) (6^:3) 6m (^'^''^) 

(6^4) (6A:2)6m {u^'^v) 

(6^4) (66) ^M {u<7^v) 
(6^4) (6^4) 6m (^^'^''■y) 
|^(66)6m(^'^'^^), 
(6/C2) (6fci)6M (^^''^) 

(66) (6^1) ^2m {ua'^v) 

(66) (6A:i)^2m (^if^''^^) 



l^^i^^2.^3x{u(T''a''a^v) , 
\ (6^2) A:i^6.6a {ua^'a^'cj^v) 
\ (6^2) A;2^6.6a (na^a'^a^i;) 
\ (6fci)6M^2.6A (wa'^a'^a^i;) 
^ (6M ^1m6.6a {ua>'o''G^v) 
\ (66) A;i^6z.A;2A {uu^g'^g'^v) 
\ (6^4) A:2/.6^6a (wa'^a^cT^i;) 



Finally, the seven point function (A. 4) introduces a five o"-term, 

Z = i 6m klu 6a k2p 6r {U Gf" g" G^ G^ G^ v) . 

The next Subsection is devoted to the integrand V^^kg (^*i(-2i) ••• ^*5(^5)) of (2.20b). Its determi- 
nation involves SCFT techniques and careful bookkeeping of more than forty additive contributions. 
Then the integration over the disk boundary is performed by picking a particular ordering p of the ver- 
tex operator insertion points and evaluate the hypcrgcomctric integrals occurring in this subamplitude. 
The technology of these integrals has been already employed in [23] for the five gluon amplitudes, c.f. 
also Section 3. Eventually, the partial amplitudes is combined to the full amplitude in Section 5. 
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4.2 Computation of the full string amplitude 



The correlator (4.1) factorizes into several independent pieces and we can concentrate on separate 
correlation functions. All necessary space-time correlators are listed in the Appendix A: for ghosts 
in (A. la), for the bosonic space-time coordinate fields X'', given in (A.2a)-(A.2c), and finally for the 
NS-R SCFT with the ip^^, Sa and fields, given in (A. 3). Because of the term proportional to ipf^tp'^ in 
the vjl^^ vertex operators (2.22b) there also occurs a seven-point correlator involving five NS fermions 
tp^ and two R spin fields Sa, S^j. This correlator, presented in (A. 4), is derived thoroughly in a separate 
paper [28]. Finally the internal Ramond fields combine into the correlator (2.24). 

In this Subsection, we give the intermediate result of inserting all the subcorrelators and kinematic 
factors into the full five-parton correlation function. The large number of additive terms shall be 
thought of being grouped according to the Zij dependences (where 36 terms with distinct functions of 
the Zij each are omitted along the ... dots at this stage): 



X (S«^''(Z4)S'^"''(Z5)) 



''(dX^{zi)dX\z2) J]e^'='^(-')) {r{zz)S^{z^)S^{z,)) 
1=1 
5 

- 2ia' (dXi^{zi) J]e^*=^^(^')) k2p{^\z2)V{z2)r{z^)Sa{zA)S^{z^)) 

i=l 
5 

- 2ia'(dX\z2) JJe^'^^^^-^)) k^, Sa{zA) Sp{zr,)) 

i=l 

5 

+ 4«'2 (Ue'^i^'^'A ki,k2p{r{zi)r{zi)i^\z2)r{z2)r{z3)Sa{z4)S^{z5)) 



i=l 

= 8 a'^ gup, 9Dpy gDp, e'^i° t{p) 



Z34 Z35 Z45 



n 

i<3 



1 2a' ki kj 



X' 



(^12)' 



+ 



+ 



ZU Zl5 Z24 Z25 



(4.2) 



with the group factor: 



t{p) = Tr(r^'' T^'' T^'' T^'' 



The PSL{2, R) symmetry on the disk allows to fix three of the five vertex operator insertion points. 
Prom the "volume" factor Vckg of the conformal Killing group, one has to include a c-ghost correlator 
{c{zi) c{zj) c{zk)) = Zij Zik Zjk evaluated at the fixed positions Zi. It turns out to be most economic 
to send z^ := z^ ^ 00 (such that quotients like ^ tend to 1), the remaining two "jokers" are used 

Z4 = Cb such that ^ 



to fix := Z3 = (a and Zj 



(cjzs) C{Z4) C{Z5)) 



Siz3 - Ca)S{z4 



J ■ ^4 s-ts ouv^ii i/iicn; Vckg 234 235 245 234 Z35 245 

Cb) S{z5 — 00) = S{z3 — (a) S{z4 — Cb) S{z5 — 00). The unintegrated, PSL{2, R) fixed subamplitude (4.2) 
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then simplifies to an expression with eleven distinct Zij dependences only (where it is most convenient 
to set the finite positions Ca, Cb to and 1): 

= 8a'^ 5Dp^ gDpy 9Bp^ e"^'" t{p) S{z3 - (a) S{z4 - Cb)S{z5 - oo) 



-S4— SB I |S2 I |S5— S2— S3 I I S3 

\Z23\ \Z2A p34 



+ 



+ 



Z12 Zl3 Z12 Z23 Zi3 Z23 

+ 



+ 

Z12 zu 



+ 



Z12 Z24: 



+ 



Zl3 Z2A 



Z2Z Zu 



Zu Z24 



Z12 Z\3 Z24 



+ 7 ^ + 



{Z12 



{Z12Y Z24 



(4.3) 



We have introduced the following set of kinematic factors /C* 





= -x^ ^ 


- x^ - x^ , 








= x'^ - 


x'^ + x^ + 


X' - 


A-io - X^^ + 




= x'^ - 


x^^ + x^^ 


- x'^ 


+ x^\ 




= -x^^ 


- y , 








= x'^ - 


+ + 


y^ - 


y"" ^ y\ 


/C^ 


= - 


^21 _^ ^22 


+ y 


- y^ ^ y'^ , 


IC' 


= ^"23 - 


^"24 + X^' 


+ y'' 


- y^^ + y^'' 


JC^ 


= X^^ + 


ylS + yU 


+ -z, 






= X^' - 


^28 _ ^29 


+ x^'' 


1 




= X' - 










= -siX^ 


+ x^ , 







>12 



(4.4) 

which is related to the set of kinematic factors X^ , y'' and Z defined in Subsection 4. 1 . 

4.3 Partial subamplitudes 

After having worked out the correlator (4.1) in the previous Subsections, we now turn to the integration 
within a fixed subamplitude. The correlator (4.3) gives rise to the partial amplitude 



Mp[A^C,,h),Ay{C2,k2),A'{(3,k3),^'^{u,k4),^^{v,h)]=t{p) A(l^, 2^, 3^,4^,5, 



2 a' 



Vr 



-1 



12 "CKG 



n ] {V^J{zi,Ci,k,) V^J{z2,C2,k2) Vi-'\z3,^3,k3) V^-^^'^\z4,uM) V^,^'^\z^,vM))p, 



(-1/2)/ 



.(-1/2), 



(4.5) 
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which refers to a specific ordering p of the five vertex operators along the boundary of the disk. Inde- 
pendent on the permutation p, there is a universal prefactor ^q^tt in each subamplitude whose origin is 
discussed in [29] . We set the Chan Paton trace aside and focus on the color-stripped subamplitude A. 

Generically there are 24 different Ss/Zs permutations p to place the five vertex operators along the 
boundary of the disk. However, not all of them yield a non-vanishing group trace. It follows that all 
three gauge bosons must be associated either to one of the two stacks a or h. 

First of all, we have to distinguish two topologically inequivalent cases: 

{i) no gauge boson vertex operator is located between the two quark positions Zi,z^ yielding the 
group trace Tr(r"»r"'jT"''=T£*r4^) for (i,i,A;) any permutation of (1,2,3); 

{ii) one A!' vertex operator is placed between the two the two quark positions 24,25 such that the 
Chan Paton factor reads Tr(r'^»r"^r|^T'"=r^5^). 

Clearly the case of two gluon vertices between the two quark vertices is equivalent to case {ii). 

Case {i): 

Case {i) leads to six non-vanishing contributions, displayed in the following Figure 7. 
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(1,2,3,4,5) 



(1,3,2,4,5) 



(2,1,3,4,5) 



22 





23 




(2,3,1,4,5) (3,1,2,4,5) (3,2,1,4,5) 

Figure 7: Orderings of gauge boson and fermion vertex operators for case {€). 
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According to the orderings of vertex positions in the case (i) we fix the remaining two vertex operator 
positions as 

Z3 = 0, Z4 = 1 , (4.6) 

while the remaining two variables zi and Z2 are free to choose along the boundary of the disk subject 
to the six orderings encountered above. A convenient parameterization is 



zi = xy , Z2 



(4.7) 



with x,y eR. Their region of integration - denoted as Ip in the following - specifies the six orderings 
of case (i). 



p 


Zl,Z2 




(1,2,3,4,5) 


— OO < Zl < Z2 <0 


— GO < X < 


1 < y < GO 


(1,3,2,4,5) 


-OO < Zl<0 < Z2<1 


< X < 1 


—GO < y < 


(2,1,3,4,5) 


— OO < Z2 < Zl <0 


— OO < X < 


< y < 1 


(2,3,1,4,5) 


-GO < Z2<0 < Zl<l 


— OO < X < 


l<y<o 


(3,1,2,4,5) 


< Zl < Z2<1 


< X < 1 


0<y <1 


(3.2.1, i, 5) 


< Z2 < --1 < 1 


< .?• < 1 


1 <y<^ 



(4.8) 



Let us now work out the correlator (4.3) for the choices (4.6) and (4.7) of vertex operator positions. 
As discussed before, with the two fermions sitting on neighbouring positions (4, 5), all the three gluons 
need be to attached to the same stack of branes (which we will label by a) . For case (i) the bosonic 
coupling constants are the same g^pa ■ Then integrating (4.3) yields 

/C3 /C^ 



^(Ip) 3p, Ap, 5p) 



xy{l-y) x(l-y) 
+ 



+ 



+ 



^y|S2-54-S5 



xy {l-y){l-xy) ' (l-x)(l-y) 
x/C^ (l-xy)lC^ 



+ 



y(l-x) 



+ 



(1 - xy) (1 - x) (1 - xy) 

(1 -xy)/Cii 



X (1 — y)^ X (1 — x) (1 — y)^ 



xy(l -x)(l -y) 

11 



(4.9) 

where Ip is defined by (4.8) and the eleven integrals refer to a given permutation p. Note the 



Jacobian 



d{zi,Z2) 
d{x,y) 



X which is already included into (4.9). 
Each partial amplitude Mp respects gauge invariance. In fact, checking gauge invariance is a power- 
ful tool to cast the amplitude (4.9) into shorter form. The basic idea is that pure gauge configurations 
for the gluons, Ap, ~ d^x, cannot yield any nonzero physical observables. More precisely, setting 
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= ki for one of the polarization vectors i = 1,2,3 makes the amphtude vanish. One can now go 
back to the hst of kinematic structures in Subsection 4.1 and check the behaviour of the X^, and Z 
under ^ ki. Of course, many previously linearly independent terms then coincide due to effects like 
(■^1^2) (^1^2) = Each of the "reduced" kinematics gives an equation between its Sj-dependent 
coefficients with which they enter the amplitude. Many of these equations are trivial because they 
simply tell us that e.g. and X^ have to be included into the same /C* collection, c.f. Eq. (4.4). 
However, many non-trivial identities between the eleven functions follow this way. They are col- 
lected in Appendix B. These relations are almost sufficient to express the eleven integrals in (4.9) in 
terms of a two dimensional basis, we need to read off one additional relation from the polynomials 
in (4.9) 

H^ = HP-HP. (4.10) 

Case {a): 

For the case {ii) we may choose the third gluon vertex placed in between the two quarks. Then two 
orderings are possible, shown in Figure 8. 




(1,2,4,3,5) (2,1,4,3,5) 

Figure 8: Orderings of gauge boson and fermion vertex operators, for case (ii). 

These orderings enter the subamplitudes with group trace Tr(r"'r'^jr|^*r"3r^5) for either {i,j) = (1,2) 
or = (2, 1). According to the orderings of vertex positions in the case {ii) we fix the remaining 
two vertex operator positions as 

Z3 = 1 , Z4 = (4.11) 

while the remaining two variables zi and Z2 are free to be chosen along the boundary of the disk subject 
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to the two orderings encountered above. We parametrize the positions 21,2 by real numbers x, y, 

zi = X , Z2 = xy , (4.12) 
similarly to (4.7). The region Ip of {x,y) integration specifies the two orderings of case (ii): 



p 






(1,2,4,3,5) 

(2,1,4,3,5) 


—00 < Zi < Z2 < 

—00 < Z2 < Zi <{) 


-00 < X <0 <y <1 
—00 <a;<0 1 < y < 00 



(4.13) 



The different choices (4.11) and (4.12) of vertex operator positions clearly yield a new form for the 
correlator (4.3). We have two neighbouring gluons A"'^,A"''^ originating from the stack a of branes, 
while the third gluon placed in between the two fcrmions is attached to a distinct stack b. This is why 
the coupling of the correlator is modified as y^p^ 9i)pa9^Pb- '^^^ analogue of (4.9) becomes: 



^(1/9) 2p, 3p, 4p, 5p) 



4a"5Dp„ 9Bp, J dx dy Ix^^-^^-^^ br^-^^"^^ |1 - x^-'^-'^ |1 - y^ |1 - xy\ 

xK? 



+ 



+ 



+ 



(l-x)(l-y) {l-y){l-xy) {l-x){l-xy) x{l-y) 

K,^ 1C_ /C^ 

xy{l-y) 2/(1 -a;) l-xy xy y {1 - x) {1 - y) 



10 



+ 



11 



x(l-y)2 xy(l-y)2 



11 



(4.14) 

Again, gauge invar iance can be used to find relations between the eleven functions . In fact, since 
(4.14) assumes exactly the same form as (4.9) we obtain the same constraints for the functions as 
given in Appendix B. Moreover, in the present case the equation (4.10) also holds. 

To summarize in both cases (i) and {ii) we have the same set of relations (B.1)-(B.3) and Eq. 
(4.9), which allow to express any of the eleven functions in terms of two linearly independent basis 
functions. For any given ordering p from the eleven functions we may choose the following pair: 



Thus in the case {i) we work with the following basis of two integrals 

/i? = I dx dy \xV^-^ \y\SA-si-s2-i |i _ a.|^5-^2-^3 |i _ y^i |i _ xyY^-'^-'^ 



(4.15) 



1 = J dxdy \X\'^-' |y|^4-^l-^2-l |1 _ a;|^5-^2-^3 

-J dxdy \x\'^ \yr~''~'^ |1 - x|'5-^2-^3 |l - |l - xy|'2-^4-.5-i 



(4.16) 



25 



while in the case (ii) we choose the basis: 

hi = J dx dy |y|''"''"'' |1 - x\'^-''-'^-^ |1 - y\'' |1 - xy\'^-^ , 

(4.17) 



-J dx dy |X|^1~*3-S4 |y|SB-S2-S3 |1 _ ^|54-Sl-S2 ^-^ _ | _ ^y|S2-l _ 

Ip 

For a given ordering p all the other nine functions can be expressed as linear combination of the 
basis (4.15) as: 

iJf = Cih{+ Cih^2 > i = l,...,ll. (4.18) 
Eventually, the final result for the generic gggqq subamplitudes (4.9) and (4.14) can be cast into 



vi=l 



(4.19) 



for case (i), with the two basis functions (4.16). In the other case {ii) one simply has to perform 
the replacement gi^p^ ODpad'^Pb (4.19) and use the basis (4.17). In (4.19) the coefficients C{, 
6*2, i = 1, . . . ,9, which are determined by the equations (B.l), (B.2) and (B.3), can be read off from 
(C.l), while the coefficients Dj, i,j = 1,2 are displayed in (C.2). 

4.4 Full gggqq amplitude and its relation to ggggg 

In order to obtain an explicit form of the full gggqq amplitude and compare it to the well-known 
ggggg result, we first of all consider the partial amplitude A^(i2345)(5'i') 52"' ^a"' ^4 ' ^s") associated to 
the canonical ordering p = (1,2,3, 4, 5), with the Chan-Paton factor 

.04/35010203 _ /j^oi 2^02 2^03 \ 0:4 rft f4 20) 

05/84 ~ V /a5 /34 ■ V • / 

As with all helicity amplitudes, substantial simplifications can be achieved by appropriate choices of the 
reference vectors for gluon polarizations. In our case, it is convenient to choose the quark momentum 
^4 for the positive helicity gluon gi and the antiquark momentum for the negative helicity gluons 
52 and gs, respectively. Thus 

^+ ^ _ a\ U p o^ ^^ 21) 



and 

_ _ U°'{k2)(Tpaa U^jk^) _ _ ^"(^3) ^"(^5; . . „„s 

" V2[25] ' " V2[35] ' ^ ' 

where we used the standard notation 



{ij) = U^iki)Uaikj) , [ij] = U^{ki)u^{kj) . (4.23) 
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For this choice of reference vectors, from all listed in Subsection 4.1, the only non- vanishing ones 
are those with z = 5, 10, 15, 22, 29, 30 while all = Z = 0. It follows that the only non-vanishing 
kinematic factors (4.4) are: 

{1C\1CMCMCMC^) = ^^J^l^ ((12)(34)[15] , (23)(24)[25] , (23)(34)[35] , (24)(34)[45] , (23)(42)[25]) . 

(4.24) 

Their coefficients ^^^j=i^2 3*6 9 expressed in terms of the functions /i and /2, introduced in (2.8), 

which describe five gluon processes (c.f. Appendix C): 

^-(12345) f S2S5 S2S5\ . , / x / ^2 S5 l\ 

^^1 = /l + («1 -S3- S4) + /2 , 

\ y V*l*4 S1S3 Si I 



( S2S5 


S2S5 














S\S3 



^(12345) ^ _ l + + + + 



+ (Sl- 53 -S4) (— + — -- + - + -) /2, 



1 




1 








+ 




+ 




Si 




S3 




S4 


( 


1 


+ 




)■ 




S3 




S4 





i?r'^^ = -fi+^+^Vi + (^^-^3-s4)f-+-V2> 

V ^3 S4y V^a S4y 

u(12345) S2 „ , Si - S3 - S4 

-"6 = + : /2 , 



(4.25) 



S3 S3 



„(12345) /S2S5 S2S5 S2\ „ . . ^ / S2 S5 1 ^ 

-f^g = \ \ /l + (Sl - S3 - S4) \ \ h ■ 

VS1.S3 .Si.S.i 83/ VS1S4 S1S3 Sl 83/ 

After using the (p universal) relations = + and Hc^ = + for p = (1, 2, 3, 4, 5) together 
with Schouten's identity and momentum conservation, Eqs. (4.5) and (4.9) yield 

A^(i2345)(5i+,52-,53-,C,9t) = 2V2a'2 53Cg~ [|]fg] 

X [(12)(34)(iff + i/(^^^^^)) + (14)(23)(ijf - iJp^^^))] , 

(4.26) 

which by using Eqs. (4.25) becomes^: 

A1(i2345)(5^52-,53-,g4-,?t) = 2V2/Cg-«-3 ^^^^^^^^^^ (.2S5 /iW^ (12) [23] (35)[51] h) . 

(4.27) 



^Recall that g = go^ , c.f. Footnote 4. 
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Using the definitions (3.3), (3.4) of the five gluon formfactors V^^^ and P^^\ the above result can be 
written in a factorized form as follows^ : 

M^uu5M,92,93,Q4,Qt) = [V^'Hsj) - 2iP(^\s,)e{l,2,3,4)]M'^^^,^{gt, 92,93, q^^^t) ■ 

(4.28) 

The QCD ampHtude reads 

■^(1234491, 92,93,14,%) - ^^^9 tasP, [12] [23] [34] [45] [51] ' ^ ' 

and the prefactor is given by exactly the same function as it appears in the five-gluon amplitude (3.1). 
By using the C-functions defined in equation (3.5), the amplitude (4.28) can be written as: 

M^i2345){9t,92 , 93,Ql,Qt) = 2V2gH'^f;'''''''[U][15fC{h,k2,h,k^,h). (4.30) 

In order to obtain the full amplitude describing a given helicity configuration, we need the amplitudes 
associated to all other Chan-Paton factors, with the orderings p = (Ip, 2p, 3p, 4p, 5p), where p are 
the relevant permutations of (1,2,3,4,5) and ip := p(i). For all three gluons associated to a single 
D-brane, these permutations are (1,3,2,4,5), (2,1,3,4,5), (2,3,1,4,5), (3,1,2,4,5) and (3,2,1,4,5). By 
explicitly evaluating the amplitudes associated to various orderings of the vertex operators, we find a 
striking result that they can be obtained from the original amplitude (4.30) by simply permuting the 
arguments of the function C, with the same permutation applied inside the Chan-Paton factor: 

Mp{gt,92,93,Q4,Qt) = 2^25=^ [14] [15]^ C(fci^, ^2,, ^3,, ^4,, ^s) Cr^"''"'' • (4-31) 
Hence the full amplitude, obtained by summing all orderings, is given by 

M{gt,92 , 93,<lI,Qt) = 2V2 g' [14] [Ibf Yl C{k^^,KM.^KMC^T'''"'^"' ' (4-32) 

pen, 

where 

n, = {(1,2,3,4,5), (1,3,2,4,5), (2,1,3,4,5), (2,3,1,4,5), (3,1,2,4,5), (3,2,1,4,5)} . (4.33) 

If one of gauge bosons originates from a different stack, say boson number 3 is from stack 6, then 
the Chan-Paton factor becomes 



''All the a' factors are absorbed into the kinematic invariants via 

= , a''^ {ij)\jl]{lm)[mi] = ^ (sij s;™ - s,; Sjm + Si^Sji - iie{i,j,k,l)^ . 
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and the amplitude reads 

M{gt,g2,b^,ql,qt) = 2^2 5' 56 [14] [15]^ ^ A;2,, ^3,, A:4,, A^s) CS"'''"'''' ' (4-35) 

where 

n; = {(1,2,4,3,5), (2,1,4,3,5)} . (4.36) 

Here gj, = gop^^ ■ As in the case of five-gluon ampHtudes, the dependence of the full amplitude (4.32) on 
the helicity configuration is limited to the [14] [15]^ factor. All other "mostly minus" amplitudes, with 
the single positive helicity gluon labeled by arbitrary i instead of 1, can be obtained from Eq. (4.32) 
by simply replacing the helicity factor [14] [15]^ — [z4][i5]^. "Mostly plus" amplitudes are obtained by 
complex conjugation. 

The fact that both purely gluonic ggggg and gggqq amplitudes, given in Eqs. (3.1) and (4.28), 
contain the same string formfactors can be explained in the following way. At the disk level, the 
scattering of gluons and gluinos takes place on a single D-brane stack, say a. On the other hand, 
quarks are localized on the intersection of stack a with another one, say b, with stack b intersecting 
stack a at a certain angle 9. One can consider the formal limit ^ — *■ which puts stack b on top of 
stack a, with quarks appearing now as gauginos of the enhanced group associated to the generators 
rpa rpb^ jj-^ ^Yiis limit, the amplitudes involving quarks and gluons fall into the universal class of 
gluino-gluon amplitudes, see Eq. (4). Taking the limit 6^0 requires some care, however it becomes 
particularly simple if only one quark-antiquark pair is present because the corresponding amplitudes 
are ^-independent. This essentially follows from the trivial form of the two-point correlation function 
of the boundary changing operators, see Eq. (2.24). Thus gggqq amplitudes are related to the universal 
ggggg amplitudes by a combination of the trivial 9^0 limit with spacetime supersymmetry. 

It is clear that the above argument extends to amplitudes involving more gluons or gauginos, i.e. 
to the set of amplitudes (2.16). Moreover, also amplitudes involving more than two chiral fermions 
boil down to universal gauge amplitudes in the limit ^ — 0. In that case, the amplitudes do depend 
on the intersection angle and the limit ^ — ^ has to be taken with some care. At the more technical 
level before undertaking this limit some Poisson resummations have to be performed on the instanton 
part such that the amplitudes is rendered finite in the limit 6^0. E.g. for quarks from the same 
intersecting stack the four-quark amplitude becomes the four-gaugino amplitude in the limit ^ — ^ 

M{qi,q^,q^,qt) ^ M{xi ,X2 ^X3 ^xt) ^ (4-37) 

with the four-gaugino amplitude M{xi ,X2 ^X3 ^xt) = "^9^ (13) [24] B{s,u), given in Ref. [24]. 

To conclude, the kinematics and the non-angle dependent part of a string amplitude involving 
an arbitrary number of chiral fermions agrees with the corresponding amplitude involving the same 
numbers of gauginos, c.f. also Section 7. 
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5 Relations between ggggg and gggqq partial amplitudes 

Although there are a priori {N—l)\ partial A^-gluon tree-level amplitudes in QCD they satisfy certain 
linear relations which become particularly useful when evaluating the squared modulus of the full 
amplitude. Kleiss-Kuif relations reduce the number of independent field theory amplitudes to (A^— 2)! 
[30, 31], while Bern-Carrasco- Johansson relations further reduce their number to {N—3)\ [32]. In 
string theory, there exists a similar set of relations at the disk level. It is not surprising that it is hard 
to further reduce the number of disk amplitudes because it is known that (AT — 3)! is the number of 
independent hypergeometric functions for AT-point amplitudes [13, 24]. 

The string deformation of the QCD relations can be derived by analytically continuing the real 
integration of any open string vertex position to the full complex plane [33, 34]. Analytic continuation 
of all N vertex positions and successive application of permutations gives A"! relations. These identities 
allow to reduce the number of independent subamplitudes of an open string AT-point amplitude to 
(A" — 3)!. This number is identical to the dimension of a minimal basis of generalized Gaussian 
hypergeometric functions describing the full A^-point open string amplitude [13, 24], see also [35] for 
the case A = 5. 

For the concrete five-point case for the partial amplitudes A one has the relation [33]: 

A{1, 2, 3, 4, 5) + e^'^^"''^!*^^ ^(2, 1, 3, 4, 5) + e2'^*"'('=4*^5-fe2fe3) ^(2, 3,1,4, 5) 

+ e-2'^*°^''=i'=s ^(2,3,4,1,5) = ^^'^^ 

as a result of analytic continuation of the position zi of the first gluon. Further relations, in total 120, 
follow by applying the same procedure to the other positions Z2, ■ ■ ■ and permutations. 

In the case under consideration, the dependence of gggqq and ggggg amplitudes on the color ordering 
is limited to the C-functions (3.5). Hence with (3.8), i.e. 

^(lp,2p,3p,4p,5p) = 4V2/ [15]^C{ki^,k2^,k3^,h^,h,) (5.2) 

the five gluon relations (5.1) allow expressing all C-f actors in terms of a two-element "basis" and can 
be also used to simplify the gggqq amplitudes. By experimenting with five gluon relations we were able 
to find a basis which leads to very simple expressions. It is {C(l, 3, 4, 2, 5), C(2, 4, 1, 3, 5)}. In Table 2, 
we write the components ci and C2 of the twelve C-functions: 

C(lp, 2p, 3p, Ap, 5) = ci(p) C(l, 3, 4, 2, 5) + C2{p) C{2, 4, 1, 3, 5) . (5.3) 

Note that partial amplitudes C are odd under mirror reflections, C(l, 2, 3, 4, 5) = — C(5, 4, 3, 2, 1), there- 
fore there is no need for listing the remaining orderings separately. 
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p 


ci(p) 




(1,2,3,4) 


cot TTSl . / , \ • 

sin ^4 Sin7r(s3+S4)sin7rs5 

cot TTSo • / , \ • 

— —. Sin7r(54+55) SmTTSs 

sin 7rs4 \ ^ < ^/ o 

— cos7r(s3— 55) 


sm7r(s-i-|-S9) . / \. / \ 

-. T^-^ — 4^ smTTlsi— 53— 54) sin7r(s2— S4— S5) 

sin TTS-]^ sin 7rs2 sin tts^ '•-^ '-' ^' ^■^ ^ 


(1,3,2,4) 


—. —. sin7r(s4+S5) sinTrs^ 

sm 7rs2 sin tts^ ^ 


-. —. sin7r(si — S3 — S4) sin7r(-s'2 — S4 — S5) 

sm7rs2Sin7rs4 \ i- a \ ^ ^ 0/ 


(2,1,3,4) 


^ ^-^ sin 7r(5-^+S4) sinTTSs 

sm TTS]^ sm 7rs4 \ v -^y 


~ sin7r.s/Mn7r.S4 7r(8i -83 - 84) sin 7r(s2 -^4 -^5 ) 


(2,3,1,4) 


^ —. sin 7rs3 sin ttss 

sm 7rs2 sm 7754 


^ ^-^ sin7r(si — S3 — S4) sin7r(-s'2 — 55) 


(3,1,2,4) 


^ sin TTSs sin ttss 

sin TTS]^ sin 7rs4 ^ 


^ —. sin7r(si — S3) sin 7r(s2 — S4— S5) 

sin7rs2Sin7rs4 v ± 0/ \ ^ 4= u/ 


(3,2,1,4) 


cot TTSO ■ ■ cot TTSl 

■■ SinTTSS SmTTSS ■■ SinTTSS SinTTSS 

sin 7rs4 sin 7734 


cot TTS l . / \ ■ / \ 

sin^a^ sm7r(si-S3) sin7r(s2-S4-S5) 

cot TTSO . / \ • i \ 

+ ^fir^ sm7r(s2-S5) sm7r(si-S3-S4) 
+ cos 7r(si -S2-S3+SB) 


(2,3,4,1) 


— sin7r(s2+S3) 

sin7rs2 v ' ^/ 


— sin7r(si— S3— S4) 

8in7rs2 ^ 


(3,4,1,2) 


-^-^ — sin TTSr 

SinTTS]^ ^ 


— sin7r(si+S2— S4— S5) 


(1,2,4,3) 


sinl«i sm7r(si+S5) 


— sin7r(s2— S4— S5) 


(1,4.2.3) 


sill «.«2 




(1,3,4,2) 


1 





(2,4,1,3) 





1 



Table 2: T/te coefficients of C- functions expressed in the basis (5.3). Since all twelve permutations 
leave the fifth position invariant, they are labeled by four numbers. 



6 One gluon and four fermion amplitudes gqqqq 

The third class of five point-amplitude involves four quarks or leptons and one gluon 

{V^J{zi,^l,ki) Vl-^^^\z2,U2,k2) V%'^^\zs,Vs,k3) V%'^^\z4, U^, k^) ^^^/^'^(zs, ^^5, ^5))^ (6.1) 

^02 i'Ss V'74 ^"6 

involving the vertex operators introduced in Subsection 2.5.3. Again, first one has to work out all 
SCFT correlators and then perform the integration over positions Zi for a given ordering p of vertex 
operators. 

6.1 Computation of the full string amplitude 

In addition to the contribution of the space-time fields X,iIj,S given in Appendix A there is a four- 
point function of boundary changing operators S carrying the internal geometric data like intersection 
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angles 9^ of the brane configuration: 

/ \ 3/4 

{E^^\z,)E'^\z2)E'^^^{zs)E^''%z,)) = '''''' Ip{{zi};9n. (6.2) 

V ^12 Zl4 Z23 Z34 ) 

The internal part of the chiral fermion vertex operators (2.23a) and (2.23b) gives rise to non-trivial 
mapping from the disk world-sheet into the internal target space. As a result the four-point correlator 
of these fields (6.2) receives a correction factor lp{\zi\\d^) = l\{\zi\\Q^) l2p{Xzi\\d^) describing disk 
instantons and the quantum correlator of these fields. The quantum four-point correlator l\{\z,i\\ 9^) 
has been already computed in [36], while the effect l2pi{zi}', 9^) of world-sheet disk instantons has 
been derived in [37] for intersecting D6-branes. Note, that the additional gluon insertion in (6.1) has 
no effect on the instanton part, since the gluon vertex operator (2.22b) has vanishing OPE with the 
internal field H. The factor Ip encoding these effects depends on the specific D-brane setup under 
consideration and is thoroughly discussed in [1]. We shall discuss more details in the next Section, 
while in this Section it is sufficient to give the value of Ip at the relevant choices of the fermion vertex 
operator positions {zi,Z2, Z3, 24) = (0, x, 1, 00): 

Ip{{0,x,l,oo};9^) = h{x) hpix) := Ip^x) . (6.3) 

Before PS'L(2,R) gauge fixing, the correlator (6.1) is given by (^1 = ^, ki = p) 

(^i?(^i,6,fei) v'^-l'''\z2,u2M) v[~,l'^\z3.nM) V^-^'^\z4,U4M) v^-^'^\zr,,vM) p 

V-fg 'f'«5 

= 9DK C t{p) 4 < 4> (e-'^^^^)/^ g-<^(.3)/2 g-<A(.4)/2 g-</.(.5)/2^ 

X i,r!^^\z2)^''''\z3)r.'^''\z4)^^''\zr,)) il^dX\z^) J] e*""^'^^) (5a(22) .^^(-^s) ^7(^4) ^^(^5)) 

5 

: 

5 



- 2a' (ne*''''^''7(V''^(^i)V'''(2i)5a(22) 5^(23) .5^(24) 5^(-25)) 

C t{p) urvl Ul 4 Ip{{z.},9^) n \^^J^''''' f 

Z23 Z25 Z34: Z45 ' I V -2^12 Z13 Zu Z15 



(^24^35)^/^ 2(^24^35)^/^ V ^12^15 -212 -^13 -213-214 ^14 -215 



(6.4) 



with the normalizations: 

C = 27ra' e-^io , C = 2a' gD&, C = vr {2a' f e'^^' go^ ■ (6.5) 

Note, that the normalization C is fixed by the four-fermion string amplitude [1], while the additional 
factor of QD&a stems from the normalization of the gauge vertex (2.22b). The Chan-Paton group trace 
factors t{p) are specified in the next Subsection. 
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The next step is to integrate over the positions Zi of vertex operators. The PS'L(2,R) invariance 
of the disk world-sheet allows to fix three of them to arbitrary real values. This symmetry does not 
change the cyclic ordering of the vertex positions. As a consequence we must consider two inequivalent 
fixings to take into account all possible orderings. Our choice of variables is the following: 

Zi = X y , Z2 = , Z3 = X , Z4 = 1 , Z5 = oo . (6.6) 

This choice gives rise to the set of orderings pi of the five vertex positions Zi along the boundary, with 
2:3 < Z5. The other set of orderings p2 with Z3 > Z5 is obtained by e.g. permuting the labels 3 and 5 
in the final expressions, i.e. by choosing: 

zi = X y , Z2 = , 2:3 = 00 , Z4 = 1 , Z5 = X . (6.7) 

Hence, in the following we may focus on the choice (6.6) and its orderings pi. 

In the following we have to consider three different cases referring to the helicity configuration of the 
four fermions. So far, we have assumed a special helicity configuration, namely the pair of fermions ip^, 

being left handed and the pair 'tpg, 'tpZ being right handed - in shorthand (24)^,(35) ij. Combining 
Ramond spin fields as iSq (g) S and iS^ (g) S for some of the quarks gives rise to helicities (25)^(34)^ and 
(23) l{4:5)r. These amplitudes are very similar to the (24)/,(35)i? case apart from a minor modification 
in the spacetime spin field correlators (A. 5) and (A. 6). 

Although our amplitude results can be used for both quarks and leptons in the following we shall 
use the notation q, q instead of V'a, respectively. 



Helicity configuration (24)l(35)r, (35)L(24)i^ 



For the helicity configurations (24)i(35)ij or (35)^(24)^^ and the choice (6.6) the integration of the 
amplitude (6.4) yields the expression 

Y[ dzk 



:= Mp^ (51, ^2 , 93", 14,05) = VcKG 



^4 



k=l 



X {vP{zi,^,p) v!,-l'''\z2,U2M) V%'/^\z^,v^,ks) V%'^^\z4,U4,h) vj^-'/^\z5,V5, h)) p 

^/32 V'x, V'74 ^'^5 



c 



t{pl) I 



dx dy Ip^{x) \x\^'^ ^ \y\^^ \l — xl"^ ^ \l — y 



-S1-S2 



'■PI 



\l-xy 

(l-x)n 



S2—S4—S5 



Vi ^ ^ xVs _ ^ ^ n _ 

y 1-y l-xy y y {I - y) {1 - y) {1 - xy) I - xy 

7 



(6.8) 



1=1 
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where the seven integrals refer to a given permutation pi. The integration region Ip^ referring 
to the fixing (6.6) will be specified in the next Subsection. The Jacobian x = det is already 

included in (6.8). We have introduced shorthands for the momentum- and spinor products involved in 
(6.4), 

Vl = {U2 ■U4) (^^3 V5) , V2 = {U2 U4) (V3 V5) ^ks , V3 = {u2 U4) (^3 V5) ^^4 , (6.9) 

as well as further ones arising from the six point correlator (A. 6): 

7^4 = 5 Cm (^2 cr'^ vs) p„ {u4 a" V5) , Ve = {u4 (t^ v^) p„ {u2 a" V3) , 

V5 = lC^c{u2<J^'v5)pu{u4(T''v3) , V7 = lCf,{uia>'vs)p^{u2a''v5) . (6.10) 

Helicity configuration {25)l{3A)r, (34)i(25)ij 

For the helicity configuration (25)^(34) ij, (34)i(25)ij and the choice (6.6) we get 
^'pi •= M'p^{gi,q2,qt,qt,%) 



xy\ 



\S2—S4—S5 



Qi ^ _Q2_ ^ jrQ3 Q4 Qe , xQj 



y 1-y l-xy y{l-xy) y{l-y) l-y 1 - xy 
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i=l 



(6.11) 



with: 

Ql = {U2U5) {v3V4)^k2 , Q2 = {U2U5) {v3V4)^k3 , Q3 = {U2U5) {V3V4) ^k4 , 

Q4 = I {u2 a^" V3) p^ {u5 a" V4) , Q6 = I^f,{u5(^^v4)p^{u2a''v3) , (6.12) 
Qs = 5 Cm (^*2 V4) Pu {u5 a" V3) , Q7 = 1 («5 V3) p„ {u2 a" V4) ■ 

Helicity configuration (23)^(45)/?, (45)^(23)7? 

For the helicity configuration (23)^(45) i?, (45)^(23)^ and the choice (6.6) we obtain 

^Pi — Mp^{gi,q2,q3,qt,qt) 

= C t{pi) J dx dy Ip^{x) \x\^^ |l — x|*^ ''"|l — *^|l — xy] 



S2—S4—S5 



7^l _^ 7^2 _^ xTZs 7^4 _^ 7^5 ^ (l-x)7^6 7^7 



y 1-y l-xy y y{l-xy) {I - y) {1 - xy) l-y 
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= Ct{pi) Y^G'rn^ , (6.13) 

i=l 

with: 

TZl = [U2 Us) [V4 V5) , 7^2 = {U2 U3) {v4 V5) , ^3 = {^2 U3) (^4 V5) ^^4 , 

TZ4 = ^ (^2 Vi) pi, {u3 o" Us) , Tl%=\in [u^ ug) p^ {u2 a" v^) , (6.14) 

TI5 = I C^l {u2 v^) p„ {u3 a" V4) , 7^7 = i (u^ cr^ ui) p„ {u2 a" v^) . 

Note that the polynomials associated with Q4_„..j, 7?.4^...j slightly differ from the V/i 7 counterparts, 

and - what we also observed for the gluonless four quark amplitude - the exponents of x and (1 — x) 
receive further modification by 1/2. 

Next, we cast the expressions (6.8), (6.11) and (6.13) into shorter form. As it is known from the 
other two classes of five-point amplitudes ggggg and gggqq a two-dimensional basis of functions should 
be sufficient to specify the full amplitude for each of the three helicity configurations (i), (ii) and (in). 
This is achieved by deriving some functional relations, which hold among each set of the seven functions 
and allow for a two-dimensional solution. One of these relations can be derived by studying gauge 
invariance of the partial amplitudes (6.8), (6.11) and (6.13). The latter have to stay invariant under 
a gauge transformation of the gluon polarization ^ — ^ + p, in particular has to vanish. For 

^ = p, the three sets of kinematics Vi, Qi and TZi, reduce to two linearly independent expressions. 

Let us demonstrate this for the case (i). Upon the substitution ^ = p, the kinematic factors 7^1,2,3 
simply become ~ {u2U4){v3V5){pk2,pk3,pk4) whereas the remaining Va,...,d\^^p are connected by a cr 
matrix identity. 



=^ Pfj.{u2cr^V3)pu{uia''vrj) = p^i{u2(T^' V5) py {u^a'' V3) . (6.15) 

We therefore find: 

~ / ax ay lp^{x) \x\ \y\ \\ — x\ \\ — y\ \\ — xy\ 



Q = M 



pi 



|S2 — •S4 — S5 



w_ _ \ f Si , Si-Si-S2 , X{S2-S4-S^)\ 

U2uA{y3V^) \ + h \ 

/I 1 1— X X \ 

+ Pti{u2(T V3)pv{uicr v^) \^ y ^ y{l-y) {I - y) {I - xy) I - xy) 

^ V ' 

= 

/ \ t- - \ (' J J T I \ \ 1*4-1 h 1*3-1 ^ r I 1*1 h |*4-*l-*2 h |*2-*4-*5 1 

= -{U2U4) {y3V^) J dx dy Ip^{x) \x\ \^ - x\ ^ I 1^1 I J 

(6.16) 
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Since the boundary term — — xy\^^ *^l-oo vanishes, we have confirmed^ gauge 

invariance from (6.16) and obtained the identity 

si Gf + (S4 - Si - S2) G^^ + {S2 -Si- S5) , (6.17) 

which holds in all three cases (i) , {ii) and {in) . However for each configuration (i) , (ii) and {in) there 
hold various additional relations between their set of functions G^, G'f^ and Gi"'\ For the set G^ 
relevant to case (i) we find 



while for the set G'f^ relevant to case (ii) 



Ge 



-Gr 



G'r = G's'' , 



and for the set Gf''^ relevant to case {in): 



G'i 



iipi 



G 



II pi 



G\ 



II pi 



G'r 



riiipi r^iipi 

Lr2 — <-f3 



•npi _ _Qiipi 



(6.18) 



(6.19) 



(6.20) 



These relations allow to reduce for each configuration the set of functions G^^ , G'f^ and Gf ^ to a 
minimal basis of two functions. Note, that these relations hold for any given ordering pi. 
In the following we choose the two functions 



Gf 



ni 

m 
n2 



j dx dy Ipiix) y ^ \x\ 



-I ^1 

\y\ 



1 — X 



1 '^9 



1 1*13 I 1 

1 — y \i — xy 



Si4 



dx dy Ip^{x) (1 - y) \x 



1 I |S45— 1— ^ I |S12 h |S34 — 1— ^ I-, |S13 M I 

|t"| 2 \y\ n — x\ ^ \i — y\ \i — xy\ 



(6.21) 

with Gf = Gf [°] , G'f'=G^' [°] , Gr'= Gf [^] , i = 1,2 as basis for the cases (i), (ii), and (Hi), 
respectively. With this set of basis the amplitudes (6.8), (6.11) and (6.13) can be cast into the shorter 
form 



Mpi{gi,q2 , qt, ,95") = G t{pi) 



V1 + V4-V5-— {V3 + Ve- Vr) 

Si4 



+ 



7^2 + 7^3 + 7^5 - + ^1?-^^ {V3 + V6- Vr) 



Gf 



Gf 



Qi + Q4 - Q5 - — (Q3 -Q4+ Q7) 



G'i 



r/Pl 



Sl3 



Q2 + Q5 - Qe - — (Q3 - Q4 + Q7) 

Si4 



'Exactly the same mechanism applies to the remaining helicities - the coinciding QA,...,n|p^„ and T^a,...,d\^^p are multiplied 



by identically vanishing terms = — 

{u2Ur,){v2V^), {u2U^){v4V^) come along with a total derivative ^(|y|*^|l — y| 



- N + ,} N - + or : 

v{l-xv) y{l-y) 1-y l-xy 



- H — rr" — \ + 7i — — \ — 1 and the bispinors 

S4 — Si— S2|]^ _ jj^l 82—84 — 85'^ 



0- 



36 



M';^i9i,q2,q3,qt,4) = C t{pi) [ [ 7^l + 7^4 - 7^5 - — (7^3 + 7^5 - 7^6) 



+ 



7^2 + 7^6 - 7^7 - — (7^3 + 7^5 - 7^6) 

Si4 



G'i 



'//pi 



(6.22) 



with the normahzation C given in (6.5). 

To derive the amplitudes for the orderings p2 related to the choice (6.7) we could repeat all the 
previous steps, which lead to the result (6.22), i.e. begin at (6.4) supplemented by the insertions 
(6.7). However, as already pointed out after Eq. (6.7), we may obtain these amplitudes simply by 
permuting the labels 3 and 5. More precisely to each ordering p2 with < Z3 we may associate 
after permuting 3 and 5 one ordering pi with Z3 < Z5. In addition, we have to multiply all the 
expressions by an overall minus sign to take into account the odd signature of the permutation of the 
fermions 3 and 5. The net effect on the kinematics is to perform the following replacement in A^p^: 
Vi Vi, r2 -Vi -r2- Vs, Vs Vs, Vi -Vs, -r^, Ve -Vv, -Vq. On the 

other hand, for the amplitude Mp^ we start at Mp^ and perform the replacement: TZi ^ Qi, Tl2 ^ 
-Q1-Q2- Qs, T^s Q3, T^4 -Q5, T^b -Q4, "7^6 -Qr, T^7 -Qe, while for the amplitude 
M-'p^ we start at M'p^ and perform the following replacement: Qi ^ TZi, Q2 — —Tli — Tl2 — Tli-, Q3 — 
Qa —T^5, Qb — ^ —T^4:, Q% —T^7, Qr — ^ —T^6- In addition, all kinematic invariants undergo 
the permutation 3 5. As a result we obtain 



Mp^{gi,q2 , §3 , 94 ,95) = C t{p2) 



Vi + Vi- 



Vi + V2 + V4-Vq- 



S12 

Sl4 
Si4 



(^3 + Vq- V7) 

{V3 + V%- Vr) 



M'p^igi,q2 ,q3,qt,(l5) = C t{p2) 



Q1 + Q4-Q5-— (Q3 - Q4 + Q7) 

Si4 

Q1 + Q2 + Q3- Q6 + Q7+— (Q3 - Q4 + Q7) 

Si4 



r^//P2 



Mp^{gi,q2 , qs , qt, qt) = C t{p2) 



with the two integrals 



7^l + 7^4 - 7^5 - — (7^3 + 7^5 - Ue) 

Si K 

7^l + 7^2 + 7^3 + 7^4 - 7^7 + — (7^3 + 7^5 - Ue) 

Si4 



or 



r^/p2 

(-T2 



Gf 



ni 

ni 
n2 



/ 



- i dx dy Ip^ix) y \x 



1 I |S34-1-^ I \S12 



(6.23) 



y\ \i-x 



1 "'9 

S45-l-^ 



1 I'^IS I 1 

l-y\ \l-xy 



S14 



J dx dy Ip,{x) (1 - y)-i \x\'''-^-'^ \y\''' |l - x\'''-^-'^ |l - |l - 



xy\ 



|S14 



(6.24) 
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with Gf = Gf [°] , Gr= Gf [°] , G'i'^= Gf [J] , z = 1, 2 as basis for the three hehcity configura- 
tions (z), (m), and (wi), respectively. 

At this point, we can substitute the gluon polarization vectors in order to obtain more explicit 
expressions for the kinematic functions V, Q and 7?., defined in Eqs. (6.9), (6.10), (6.12) and (6.14). 
To that end, we choose the most convenient reference vectors, in both positive and negative gluon 
polarization cases. For instance with the choice of as the reference vector for ^J*", see Eq. (4.21), 
'Pz = V% = Vt = Q and the only non-vanishing Vs are 

(24) 



((24)[21][35], (34)[31][35], (14)[13][51] ) . (6.25) 



Similarly, Q3 = 7^3 = 0, and: 



(Qi, Q2,Q4 = Q5,Q6 = Q7) (6.26) 

= X ((25)(24)[21][34], (25) (34) [31] [34], (24) (51) [13] [14], (12) (45) [13] [14] ) , 

(7^l,7^2,7^4 = 7^5,7^6 = 7^7) (6.27) 

= X ((23)(24)[21][45], (23) (34) [31] [45], (24) (31) [14] [15], (12) (43) [14] [15] ) . 

In this way, Eqs. (6.22) yield 



M 



pi 



M' 



pi 



M" 



91 
9i 



9l 
9i 



9i 
9i 



,Q2 ,<l3'l4^% 



+ 



,92 > 93 '91' 95 



X 



-C'-H X 



(24)^ 
(14> 



([12] [53] Gf + [13][25] G^^ 



«((12)(53) Gf + (13)(25) G^^ ) , 



(14> 



([12] [53] Gr^ + [13][25] G^) 



V2 



-G^ x< 



((12)(53) Gr+(13)(25) G^ 



V2 



(23)^ 
(14> 



([12] [53] G'r + [13] [25] GD 
Igf ((12)(53) Gr + (13)(25) Gg 



(6.28) 



with the normalization G given in Eq. (6.5). Finally, from Eqs. (6.23), we obtain: 



M 



pi 



9i 
9x 



9l 



P2 



.9i 



92 > 93", 94 ,95 



M'p^ ( ^- ^92 ,93", 94", 95 



M'L I ' 1 f- , 92 > 93 > 94 > 95 



G^ x< 



= -C'H x< 



|§f ([12][53] Gf -[15][23] Gf 
Igf ((12)(53) Gf -(15)(23) G 



'P2 
2 . 



V2 



-C'-H X 



(25)^ 
(14> 

[34] 



([12] [53] GT- [15][23] Gf^) 



V2 



j^((12)(53) G'r-(15)(23) G^) 

([12] [53] Gr- [15] [23] G'^ 

((12)(53) Gf^-(15)(23) G^) 



(6.29) 
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6.2 Partial subamplitudes and D— brane setup 

In this Subsection we discuss the possible orderings p of the four chiral fermions along the boundary of 
the disk world-sheet. The number of possible orderings depends on the type of D-brane intersections 
we are considering. For the given orderings pi of the four quarks Z2 < < Z4 < referring to the 
choice (6.6) or for the orderings p2 with Z2 < z^ < Z4 < 23 referring to (6.7) there are at most the 
following four possibilities to place the gluon position zi along the boundary of the disk: 



(1,2,3,4,5) 
(2,3,1,4,5) 



(1,2,5,4,3) , 
(2,5,1,4,3) . 



(6.30) 



The four different orderings (6.30) are specified by their region of integration 2p. With the choice (6.6) 
the first column of (6.30) can be realized by the parameterization displayed below. 





t{pi) 


Zl,Z3 


T 


(1,2,3,4,5) 
(2,3,1,4,5) 


(rpai\a2 xa4 x(^3 Jrft 


-00 < Zi < < Z3 < 1 
< Z3< Zi <1 


< X <1 , -00 <y <0 
0<x<l, Ky <l 



(6.31) 



To parametrize the other two orderings from the second column of (6.30) we need the fixing (6.7). 
The partial amplitudes corresponding to these two orderings may be simply obtained from the two 
orderings in (6.31) by performing the permutation 3 ^ 5 on all labels, c.f. the previous Subsection for 
more details. These two orderings yield the group theoretical combination shown below. 



P2 


t{P2) 


(1,2,5,4,3) 
(2,5,1,4,3) 





(6.32) 



(i) Four-fermion amplitudes involving two twist-antitwist pairs {9, 1 — 6) 

First we consider the case of two pairs (a, b) and (c, d) ~ (6', a') of D-branes intersecting at the angle 9. 
In (6.2) we have two pairs of twist-antitwist fields {6, 1 — 9) from intersections fi and fj, respectively. 
One pair of fermions is related to a twist-antitwist pair {9, 1 — 9) and a second fermion pair to an other 
twist-antitwist pair {9, 1 — 9), c.f. [1] for more details. For two pairs of conjugate fermions from the 

intersecting brane stacks a and b there are four possibilities to place a gauge boson with gauge group 
Ga within the four chiral fermions, c.f. the Figure 9. 
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b' 



24 




Z5 



b' 



Zi 




(1,2,3,4,5) 



(2,3,1,4,5) 



Z3 



za 




Zi 




(1,2,5,4,3) 



(2,5,1,4,3) 



Figure 9: Orderings pi,p2 of the gauge boson and four fermion vertex operators. 



The orderings corresponding to the first column are shown in the first row of Figure 9, while the second 
column is displayed in the second row. Similarly, for a gauge boson of gauge group we obtain four 
possible orderings. 

The functions Ip = Iil2p, encoding the quantum and instanton part of the correlator (6.2), given 

by 



with: 



hp2{x) 



hpA^-x) , 



sin(7r6'i) 



Tj{x) 



F,{1 - x) 
F,{x) 



x\ 



(6.33) 



are discussed in [1]. In this reference in Eqs. (4.17) and (5.49) the quantities L and 5 may also be 
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looked up, respectively. In the following for the four possible orderings (6.30) the factorization and the 
pole structure of the set of amplitudes (6.28) and (6.29) is discussed. 



(1,2,3. 1.5) 

For the case pi = (1,2,3,4,5) the pole structure of the three amplitudes (6.8), (6.11) and (6.13) 
describing the three helicity limits are more conveniently obtained after performing the coordinate 
transformation 

xil-y) ^_ J_ 



1-xy 



y 



xy 



(6.34) 



on the expressions (6.21), giving: 



n2 



ni 
n2 



f 


dx x^^ 


-1- 


^ (1 -x)^3-i- 


Jo 






(1- 


- xyr 


-S3 


/p. ( 


/' 


dx x'^ 


-1- 


^ (l-x)^3-i- 


Jo 






(1- 


- xyr 


-S3 





1 "-1 



,t(1 - y) 



- xy 

'0 



(6.35) 



1 ni 



x{l - y) 
1-xy 

with Gf = Gf [°] , Cr = Gf [°] , G^^ = Gf []] , i = 1,2, and p = (1,2,3,4,5). The functions 
(7.4) have four sets of poles, which occur in the limits x 0,1 and y 0,1. E.g. for (ni,n2) = (0,0), 
which has the most pole terms, we will find in the following: 



Gf 



Gf 



2 2 2 2 2 

S1S3 S1S4 S2S4 S2S5 S3S5 
222 



(6.36) 



S2S4 S2S5 S3S5 
For the limit y — > we obtain from (6.28) 



M 



9{_ 

7W' ( 



y^O 



V2t(p)5D6„ V;tr^(s2,S3) X<' 



/ (24)^ [32] 
(14>(15> 
[35]^ (32) 
V [14] [15] 
(25)2 [32] 
(M)(15) 
[34] 2 (32) 

■ [14] [15] 
(23)2 [32] 

■ (14)(15) 
[45]^ (32) 

■ [14] [15] 



(ni,n2) = (0,0) , 
(ni,ra2) = (0, 1) , 
(ni,n2) = (l,0) . 



(6.37) 



This limit describes the massless exchange of a quark, coupled to the four fermion string interaction, 
c.f. left diagram of Figure 10. 
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Figure 10: Exchange of a quark and qqqq string vertex (for y — > and a; — ^ 0). 



In (6.37) the hmction 



{ni,n2) 
abab 



(S2,S3) = C / dx X'^-^-^ {l-xf^-^^^ Ip 

Jo 



(6.38) 



agrees with the expression (5.70) of [1] describing the qqqq amplitude. Hence, to further reduce this 
integral we may apply the results from there and obtain: 

^2 



("1,^2) 



abab 



(•S2,S3j > I — + 



(6.39) 



Note, that (6.37) with the limit (6.39) represents the lowest order of the amplitudes (6.8), (6.11) and 
(6.13) focusing on the ss-channel. Higher orders include exchanges of both universal SR excitations, 
KK and winding modes. 

On the other hand, for the limit x ^ we obtain: 




3 

' V2 t{p) ^ B fg5,54 - -IT 



X < 



(24)^ [32] [51] 

(14> 
[35]^(32)(51) 

[14] 

(25)^ [32] [51] 

(14> 
[34]^(32)(51) 

[14] 

(23)^ [32] [51] 

(14> 
[45]^ (32) (51) 
[14] 



(ni,n2) = (0,0) , 
(ni,n2) = (0,l) 
(ni,n2) = (l,0) 



(6.40) 

The limit (6.40) describes at leading order an exchange of a gluon coupled to the string amplitude 
involving two gluons and two quarks, c.f. the diagram in Figure 11. 




Figure 11: Exchange of a gluon and ggqq string vertex (for x — » 0). 
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The string amplitude involving two gluons and two quarks is universal and encoded in (6.40) by the 
Euler Beta function, defined in (2.17). Note, that at the NLO also KK modes and windings are 
exchanged. In the limit y ^ 1 the Euler Beta function in (6.40) reduces to: 



nf ni\ y^i 1 



S4 2 



(6.41) 



On the other hand, the limit y ^ of (6.40) is already contained in (6.39). 

The limit x — > 1 , y — > 1 is more conveniently investigated after performing a further transformation 

1 — X 



X 



y^l-xy 



1 — xy 

on (7.4). This transformation, which corresponds to a cyclic transformation, gives 

"1 rl 



ni 
n2 



[ dx x''-^ (1 - x)*2-i-^ f dy f*-^-"^ (1 - yy-^- '^ 
Jo Jo 

yil-oty 



X (1 -xy)-^2-53+s5+^+^ 



1-xy 



m 
n2 



/ dx x'' {1- xy^-^-^ / dyy'^-^-^ {l-y) 
Jo Jo 



X (1 - 5^)---3+.5+^+^ I {y^^^ 

* 1 — xy 



S3 — 1- 



(6.42) 



(6.43) 



V9i, 

M 



I I at 



M" { 

\9i 



In these new coordinates the limit x,y ^ 1 is recovered at x — >^ and yields: 

(24)^[35] 
(12>(14> 

[35]^(35) 
[12] [14] 

(25)^ [35] 
(12>(14> 

[34]^ (35) 
[12] [14] 

(23)^ [35] 
(12) (14) 

[45] 2 (35) 
[12] [14] 

(6.44) 

This limit describes the massless exchange of a quark coupled to the four fermion string interaction, 
c.f. right diagram of Figure 10. 

To summarize, for the ordering pi = (1, 2, 3, 4, 5) the three amplitudes (6.8), (6.11) and (6.13) have 
the following low-energy limits: 

2 (25) , 2 _J_ 

^D&a (23) (45) ^yD6i, (34) 



(ni,n2) = (0,0) , 
(ni,n2) = (0,1) , 

(m, 712) = (1,0) . 



■9t 
.9i 



{24f 
(12)(15) 



"5 as 1S4 



[12] [15] \^ yOGa [23] [45] ^ 906^ [34] J ' 
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9l 



pi \ - f ) <?2 ' ^3 ' ^4 ' ^5 
9l 



M 



pi \ - f ) <?2 ' ^3 ' ^4 ' ^5 
9l 



{T'^T.K'AA X < 



9. (25)3 

9D&a (12) (15) (23) (45) 

2 [34] 2 [25] 

^9D%a [12] [15] [23] [45] ' 

^2 (23)^ 

9D&b {12)(15)(34> 

„2 [45]^ 

^fD6(, [12] [15] [34] • 



(6.45) 



(2,3,1,4,5) 

To analyze the pole structure for the case p\ = (2, 3,1,4, 5) we first perform the following transformation 
on the integrand: 



X 



l-xy 



1 — xy 



(6.46) 



This converts the expressions (6.21) to 

-1 



m 
n2 



ni 
n2 



Jo Jo 

^o, _o,_o,4_"l4_"2 ^ (1 — y) 

X (1 - a;y)*i ^3^4+^+^ Ip^ ' ^ 



dy y 



—S1 — S2+S4 



(1-y) 



52-1-^ 



1 — xy 



C dx x'^-^-^ (1 - x)-^i+^3-5B-^ r 
JO Jo 



(6.47) 



dy y 



-S1 — S2+SA 



S2-1- 



X (l-xJ/)--3-..+^+^^^/'^(l-^)^ (i-^y) 



l-xy J (l-x) y ' 

with Gf = Gf [°] , Gr = Gf [°] , Gfi = Gf [I], i = 1,2, and p = (2,3, 1,4,5). The integrals 
(6.47) have three sets of poles in the limits y ^ 0, x — >■ 0, 1 and x — >■ 0. E.g. for (ni,n2) = (0,0), 
which has the most pole terms, we will find in the following: 



pi 



9ma 
S2S4 



9ma 



(6.48) 



S2S4 S4 { — Si — S2 + Sa) {—Si - S2 + Si) {—Si + S3 " ^s) 

For the limit y — we obtain from (6.28): 



\9i^ 

M' ( 

■ Si, 



V2 t{p) goe^ V;^6a6"'^(*45,S25) X < 



M 



"( 



(24)2 [25] 
(13) (14) 

[35]2(25) 
[13] [14] 

(25)2[25] 
(13) (14) 

[34]2(25) 
[13] [14] 

(23)2 [25] 
(13) (14) 

[45]2(25) 
[13] [14] 



(ni,n2) = (0,0) , 
(rai,n2) = (0,1) , 
(ni,n2) = (l,0) . 



(6.49) 
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This limit describes the massless exchange of a quark, coupled to the four fermion string interaction, 
c.f. Figure 12. 





Figure 12: Exchange of a quark and qqqq string vertex (for ?/ — ^ 0). 



The function vj^^^'^^ is given in (6.38). Hence, after applying (6.39) one obtains the lowest order (for 
y ^ 0, X ^ 0, 1) of the amplitudes (6.8), (6.11) and (6.13) focusing on the sis-channel. Higher orders 
include exchanges of both universal SR excitations, KK and winding modes. 
On the other hand, the limit x ^ gives 



M 



9i x-^ 
9i 



M' ( ^\ ^ 



M' 



II ( 9i x->o 
9i 



-V2 t{p) ^ X 

S4 



V2t{p) ^ X 

Si 



V2 t{p) ^ X 

S4 - 9 



while for the limit x — > 1 we find: 




S25 



^ ^ [ [12][53] 5(S13 + 1,S23) + [13][25] S(S13,S23) ] 
V % [ (12)(53) 5(S13 + 1,S23) + (13)(25) 5(S13,S23) ] , 

^ ^ [ [12][53] S(S13 + 1,S23) + [13][25] 5(S13,S23) ] 
\ [ (12)(53) S(S13 + 1,S23) + (13)(25) S(S13,S23) ] , 

^ [ [12] [53] B (si3 + 1, S23 - ^) + [13] [25] B (si3, S23 - \) ] 

\ [ (12)(53) B (si3 + 1, S23 -\) + (13)(25) B (sis, S23 - 2) ] > 

(6.50) 



(24)^ [25] [13] 

[35]45)(13) ' K'™2) = (0,0) , 
[14] 
(25)^ [25] [13] 

[34]2(25)(13) ' ("'1'"'2) = (0,1) , 

[14] 
(23)^ [25] [13] 

[45]45)(13) ' K'"2) = (l,0) . 
[14] 

(6.51) 



^ 5(si3,S23 + l 2 



X < 



The limits (6.50) and (6.51) describe at leading order an exchange of a gluon coupled to the string 
amplitude involving two gluons and two quarks, c.f. left diagram in Figure 13. 
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Figure 13: Exchange of a gluon and ggqq string vertex (for x ^ and x 1] 
In the hmit y ^ 1 Eq. (6.50) reduces to: 



M' { 'I 



M 



i'( 

"( 



V2t{p) 



9ma 



— Co — ill 



X < 



(24)^ [15] [23] 
(14> 

[35]^(15)(23) 
[14] 

(25)^ [15] [23] 

{14} 
[34]2(15)(23) 

[14] 

(23)^ [15] [23] 

(14> 
[45]2(15)(23) 

[141 



(ni,n2) = (0,0) , 
(ni,n2) = (0,1) , 
(ni,n2) = (1,0) . 



(6.52) 



On the other hand, the hmit y ^ of (6.50) has been aheady discussed after Eq. (6.49). 

FinaUy, the hmit x — > 1, y ^ 1 does not yield any massless exchange. Again, this hmit is most 
conveniently anticipated by first performing the transformation (6.42), which yields for the functions: 



'n-i' 
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(1- 


."'2. 




Jo 
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(1- 


- iy)-^2-^3+^5+n 


l+"2 


"ni" 




/' 




(1- 






Jo 






X 


(1- 


- 5y)-^2-«3+^5 + « 


1+^2 



^(1-x)^*-^-^ / y^2-i (1 _y)-^i+^3-^5-^-^ 



(6.53) 



? (1_ 5)^4-1-^ / dyf^-' (l-y) 



51+S3-S5-1- 



2/ (1 - x) 



\ 1 — xy 

In this form the limit arises for x — > 0, which does not furnish massless exchanges in (6.22). 

To summarize, for the ordering pi = (2,3,1,4,5) the three amplitudes (6.28) have the following 
low-energy limits: 

( (24)2 / (34) 2 _J_ 

(13) (14) \yD6a (23)(45) yD6i, (25) 

[35] 2 ( „2 [34] , 2 J_ 

L [13] [14] I yOGa [23] [45] ^£166 [25] 



9l 

PI I „- r ' 



^1 



.92 ,Q3^9i ,Q5 
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pi \ _ ( ) ^2 ) 'i's ' ^4 5 ^5 
9i 



2 (25)2(34) 
■/33;r/35 ^ J ^^6, (13) (14) (23) (45) 



7W" 



9i 
9i 



.92 >93 '94: '95 



V^gD&aK^ ''a3^a5^/32"/34 1 2 [34]3 

9D(ia [13] [14] [23] [45] 

a/2 on. fr^ir 4^^2^/33^/35 ^ J ^^6, (13)(14)(25) 

^i^Gi, [13] [14] [25] • 



(6.54) 
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(1,2,5,4,3) 

As explained after Eqs. (6.22) and (6.31) the amplitude for the ordering p2 = (1,2,5,4,3) can by 
be obtained from the ordering pi = (1,2,3,4,5) by successive exchanging the labels 3 and 5 and 
multiplying by an overall minus sign. Furthermore, the helicity configurations in the amplitudes M'p^ 
and M"p^ are obtained by considering M'p^ and M-'p^ , respectively. This way we obtain the low-energy 
expansion of the amplitudes (6.29) from the expressions (6.45): 



M 



P2 



9i 
9i 



ct3 as (32 Pi 



(24)" ( „2 (23) , 2 _J_\ 

(12)(13) yyo&a (25)(34) ^fDei, (45) ) 



[35]^ 
[12] [13] 



„2 [23] , 2 J_ 

yD6a [25] [34] ^ yOGi, [45] 



3^3 X <J 

P2 P4, 



„2 (25)^ 

yD66 (12) (13) (45) 

2 [34]2 

^9D&k [12] [13] [45] ' 



M" 

•' '■p2 



9l 
9i 



X < 



2 \'^'"') ' 

9DQa (12) (13) (25) (34) 

2 [45]" [23] 

^9D&a [12] [13] [25] [34] " 
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(2,5,1,4,3) 

Similarly, the amplitude for the ordering p2 = (2,5,1,4,3) can by be obtained from the ordering 
pi = (2, 3,1,4, 5) by successive exchanging the labels 3 and 5 and multiplying by an overall minus sign. 
Furthermore, the helicity configurations in the amplitudes M'p^ and M"p,^ are obtained by considering 
M'p-^ and M'p^, respectively. This way we obtain the low-energy expansion of the amplitudes (6.29) 
from the expressions (6.54): 
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P2 



M' 



P2 



M" 



9l 
9i 

9t 
9i 



(^f^Yq2,Q3^<lt,Qt^ = -^9dgAT''') 



1^2 ,^,^4 ,^5 



^^2 ,03,^1,^5 



y^9D6a\-^ ) at," as" 132" Pa 



(24)^ 
(15)(14) 

[35]^ 
[15] [14] 



„2 (45) , 2 _J_\ 

9D6a (25) (34) ^9Deb (23) ) 

„2 [45] , 2 

9D6a [25] [34] ^ 9D6t [23] J ' 



(25)" 



Ms "as "132 Pa 



as" az" 132° 13a 



X < 



9D6i (15) (14) (23) 

2 [34]2 

9Det [15] [14] [23] ' 

2 (23)^(45) 

9D6a (15) (14) (25) (34) 

2 [45]3 

^9D6a [15] [14] [25] [34] • 



(6.56) 
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(a) Four-fermion amplitudes involving two twist-antitwist pairs {6, 1 — 6) and {u, 1 — v) 



Here we consider the generic case of three different stacks of D6-branes a, 6, c and d with two pairs of 
twist-antitwist fields, (^,1 — 9) and (i^, 1 — v). We have two intersection angles 9 and u referring to 
the intersection pairs (a, b) and (c, o), respectively. For this setup there are two possibilities to place a 
gauge boson with gauge group Ga within the four chiral fermions, c.f. the Figure 14. 




(1,2,3,4,5) (2,3,1,4,5) 

Figure 14: Orderings pi of the gauge boson and four fermion vertex operators. 



These two orderings pi correspond to the first column of (6.30). 

The functions Ip = Iil2p, encoding the quantum and instanton part of the correlator (6.2), given 

by 

3 

h{x) = (2^)3/2 ll[B{l- 9^, v^) Fi.jil - x) K2-j{x) + B{9^ , 1 - v^) F2-j{l - x) Ki.j{x) ] , 



hp2{x) = . 



(6.57) 

sm[7r(6'J — discusscd in [1]. Above we have introduced 



with Vr = PrLr + 5r, 5i,6l=0 and (3^ sE^(^ 

the hypergeometric functions Ki-j{x) = 2Fi[l — 0^ ,l;x], K2-j{x) = 2-^1 [^•',1 — t^'^A]x], Fi-j{x) = 
2Fi[l - e^, 9^ + u^;x], and F2-j{x) = 2Fi[l - u^,9^,l + 6 - v^; x], and the Euler Beta function 

(2.11). Finally, we have: 



(6.58) 
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(1.2,3,4,5) 

As discussed in [1] the underlying four-fermion amplitudes share only massless gauge boson exchange 
in their s-channel. As a consequence the three amplitudes (6.8), (6.11) and (6.13) give only rise 
to a massless gauge boson exchange in their S2- and S4-channels. Hence from the two diagrams in 
Figure 10 only the $2- and S4-channels are realized, while the diagram in Figure 11 contributes in 
full. Therefore, to extract the factorization and pole structure of the set of amplitudes (6.28) for the 
ordering pi = (1,2, 3, 4, 5) we may simply borrow the result (6.45) and erase the terms proportional to 
gi)eb- ^ result for the ordering pi the three amplitudes (6.8), (6.11) and (6.13) have the following 
low-energy limits: 



M 



pi 



M' 



pi 



M" 
'pi 



9l 
9i 

at 

9i 

9t 
9i 



.92 .^3 .94 .95" 



V2 5k iT'TaK'Als: 



A "74 



X < 



-V2 gh,^ {T'^TaXt^'X x< 



(24)^ (25) 
(12>(15> (23>(45> 

[35]^ [25] 
[12] [15] [23] [45] ' 

(25)3 
(12>(15>(23>(45> 
[34]^ [25] 
L [12] [15] [23] [45] ' 
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(2.3,1,4,5) 

Again, for this ordering the three amplitudes (6.8), (6.11) and (6.13) give rise to a massless gauge boson 
exchange only in their S2- and S4-channels. Hence from the diagram in Figure 12 only the S4-channel 
is realized. On the other hand, the left diagram of Figure 13 contributes in full, while its right diagram 
does not give rise to a massless gauge boson exchange. Therefore, to extract the factorization and 
pole structure of the set of amplitudes (6.29) for the ordering pi = (2, 3, 1,4, 5) we may simply borrow 
the result (6.54) and erase the terms proportional to fi'fjgj^- As a result for the ordering pi the three 
amplitudes (6.8), (6.11) and (6.13) have the following low-energy limits: 



M 



pi 



M' 



pi 



Vi 



9l 
9i 

9t 
9i 

9t 
9i 



,92 .93 .94 .95 



(24)2 



(34) 



92-,93+,94+,9-5-) = ^ 9l,AT''TaTaAl5',l ^ 



(13) (14) (23) (45) 

[35]^ [34] 
[13] [14] [23] [45] ' 

(25)^(34) 
(13)(14)(23)(45) 

[34]3 
[13] [14] [23] [45] ' 



(6.60) 



.92 .93 .94 .95 



= . 
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(in) Four-fermion amplitudes involving fermions from four different intersections 



The most general case involves four fermions from four different intersections fi with the four angles 
9i and 84 = 2 — 9i — 62 — Os- This setup allows for only one possibility to place the gauge boson with 
gauge group Ga within the four chiral fermions, c.f. the Figure 15. 



Z4 




(1,2,3,4,5) 

Figure 15: Ordering of the gauge boson and four fermion vertex operators. 



Hence, only the first entry pi = (1, 2, 3, 4, 5) of the list of orderings (6.30) is realized giving rise to the 
group trace 

Kpi) = iT^')Z ^% 5^,1 4 

in the amplitudes (6.22). 

The functions Ip = Iil2p, encoding the quantum and instanton part of the correlator (6.2), given 

by 



(2^)3/2 JJ 

E - 



r(l - 9{) T{91) Fi;,(l - x) K2;jix) , T{9{) T{1 - 9^) F2;,(l - x) Ki,,{x) 



T{9i + 9i) V{9i + 61) 



+ 



3 

E 



130+2 Tj+aO 



ri9i + 9i) m + 9i) 

, I2p2{x)=0, 



-1/2 



(6.61) 

with Vr = PrLr + 5r, Si,6l =0 are discussed in [1]. Above we have introduced the hypergeometric 
functions Ki.j{x) = 2Fi[9l 1 - 9^ 9{ + Ol-x], K2-j{x) = 2Fi[9l 1 - 919^ + 9{- x], Fi^ (x) = 2Fi[9l 1 - 
9{-ei + 9i,-x], and F2-j{x) = 2Fi[^^,l - 9i,9{ + 0i;x], (5^ -- 



_sin[7r(e|+e|)] 
sin(7rSg) ' 



sin(7r6^) 



and 



50 



. Finally, we have: 



(6.62) 



As discussed in [1] the underlying four-fermion amplitude does not allow for massless gauge boson 
exchange in any channel. As a consequence the three amplitudes (6.8), (6.11) and (6.13) do not have 
any massless exchanges in their field-theory limits. 



7 Relations between gaugino gxXXX quark gqqqq 

partial amplitudes 



We continue the discussion of Section 5 to relations between subamplitudes involving one vector and 
four fermions. It has been proven in [33], that the subamplitude relation (5.1) and permutations thereof 
hold for open strings from both Neveu-Schwarz and Ramond sectors, i.e. bosons and fermions. 

Prom amplitudes involving chiral matter fermions (or scalars) we may extract those amplitudes 
with the chiral fermions ^ replaced by gauginos x, c.f. Section 4.4. More precisely, for amplitudes 
with chiral fermions represented by open strings stretched between the two intersecting stacks a and b 
we simply obtain the corresponding amplitudes with gauginos associated to stack a by performing first 
a Poisson resummation w.r.t. the momenta Pa on the instanton factor and then taking the limit 
9^ 0, i.e. altogether substituting 



in the previous Section 6 and given in Eqs. (6.28) and (6.29) subject to the four orderings (6.30). Prom 
them by performing the substitution (7.1) we may extract the following set of gxXXX amplitudes 




Mp{gt,X2^xt^X4yXt) 
■M'pigt ,X2,xt,xt^X5) 
Mp{gt,X2^X3^X4^xt) 



t{p) ^(lp,2p,3p,4p,5p) , 
t{p) ^'(lp,2p,3p,4p,5p) , 
t{p) ^"(lp,2p,3p,4p,5p) 



(7.2) 



for the four orderings (6.30). E.g. from (6.28) we obtain: 




A(l, 2,3,4,5) 



4,5) 




(7.3) 
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with: 

Gi 
G2 



ni 




n2 


j 


ni 




."2. 





Jo Jo [{^ ~ X 



xy) . 
(7.4) 

Similar expressions are obtained for the other three orderings p of (6.30) and the other gluon polariza- 
tion . 

For each helicity configuration the identity Eq. (5.1) gives rise to one relation between these four 
orderings. For the first set A(lp, 2p, 3p, 4p, 5p) of four gxXXX amplitudes (7.2) this identity translates 
into the relation 

A(l, 2, 3, 4, 5) - e^'^i^ A(l, 2, 5, 4, 3) + e'^^^^^-sas) ^(2, 3,1,4,5)- e"^^"" ^(2, 5, 1, 4, 3) = (7.5) 

among the four partial subamplitudes introduced in (7.2), respectively. Identical relations follow for the 
set of partial amplitudes A'(lp, 2p, 3p, 4p, 5p) and ^"(Ip, 2p, 3p, 4p, 5p) describing the other two helicity 
configurations. Note, that these relations hold for all three sets of helicity amplitudes, independently. 
Furthermore, these equations hold for each kinematic factor T^j, Qj and 7?.j, separately. It is straightfor- 
ward to prove these identities for the lowest order expressions (6.45), (6.54), (6.55) and (6.56) subject 
to the identification g'jjQ^ = do^f^- On the other hand, to prove (7.5) for the full hedged amplitudes 
(6.22) and (6.23) (adapted to gxXXX) we use the expHct integral formula (2.21) and use some hyper- 
geometric function identities. For the set of amplitudes A(lp, 2p, 3p, 4p, 5p) the identity (7.5) gives rise 
to two real equations, which allow to express all four subamplitudes in terms of two 

A(l,2,5,4,3) = sin7r(si-Fs5)~^ [ sIuttss A(l, 2, 3, 4, 5) sin7r(-S2 + S4 + S5) ^(2, 3, 1, 4, 5) ] , 

A(2,5,l,4,3) = sin7r(si -I- 55)"^ [ sIuttsi A(l, 2, 3, 4, 5) -|- sin7r(si -|- S2 - S4) ^(2, 3, 1, 4, 5) ] , 

(7.6) 

and equivalent expressions for the set of partial amplitudes A! and A" . 
Let us now discuss the set of partial gqqqq amplitudes 

Mp{gi,q2,q3,q4:,q5) = t{p) A{lp,2p,3p,4p,5p) , 

M'pigi,q^,qt,qt,%) = t(p) A'(lp, 2p, 3p, 4p, 5p) , (7.7) 
M'l,{gi,q2,%,qt,qt) = ^"(lp,2p,3p,4p,5p) , 

given in Eqs. (6.28) and (6.29) for the four orderings (6.30) and study subamplitude relations for 
them. In the case of amplitudes with more than two chiral fermions (or scalars) the relation (5.1) 
has to be handled with some care. We first clarify its meaning. In deriving the relation (5.1), the 
monodromy properties of contours in the complex plane of the vertex position zi are studied [33]. If 
this position zi refers to the gluon position the instanton part of the gqqqq amplitudes has no influence 
on the monodromy and Eq. (5.1) stays valid for these amplitudes. However, for gqqqq amplitudes 
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in Eq. (5.1) the two amplitudes ^(2,1,3,4,5) and ^(2,3,4,1,5) refer to the case, where the color 
quantum numbers ccj, i.e. the open string ends of the four fermions are permuted w.r.t. to the other 
two subamplitudes A{1,2, 3, 4, 5) and A{2, 3,1,4, 5). Note, that this manipulation has no effect on the 
contour integral in the complex zi-plane and only affects the instanton factor. On the other hand, 
this makes sure, that in all four subamplitudes the same instanton factor /2pi({^i}; referring to the 
ordering zs < Z5 appears. A fact, which is also necessary to prove (5.1) for this type of amplitudes. To 
summarize, the relation (5.1) takes over to gqqqq subamplitudes (7.7) 

A{1,2, 3, 4, 5) + e'^^^i^ ^(2, 1, 3, 4, 5) + e'^^^^^-^^s) ^(2, 3, 1, 4, 5) + e-^*"i« i(2, 3, 4, 1, 5) = , (7.8) 

with the two amplitudes A{2, 1,3,4,5) and ^(2,3,4, 1,5) subject to an exchange of the color indices 
of the open string ends. Identical relations follow for the partial amplitudes A' and A" describing the 
other two helicity configurations. It is straightforward to prove these identities for the lowest order 
expressions (6.45), (6.54), (6.55) and (6.56) after performing the replacement gj^^^ gjj^^ in the 
amplitudes (6.55) and (6.56), which corresponds to exchanging the color quantum numbers of the open 
string ends. 

It is interesting to note, that the same relation (5.1), which holds for the ggggg subamplitudes, gives 
rise to the same identity for the gxXXX gqqqq subamplitudes. Moreover, it is shown in Section 5 
that these relations also reveal the structure of gggqq subamplitudes. 

8 From amplitudes to parton cross sections 

The purpose of this Section is to present the squared moduli of five-parton disk amplitudes, summed 
over helicities and colors of all partons, with all external momenta treated as those of outgoing parti- 
cles. The squared amplitudes describing specific collision channels, averaged over helicities and colors 
of incident partons and summed over helicities and colors of the outgoing particles can be then simply 
obtained by dividing by the number of all possible initial helicity /color configurations. Also, if some 
of the partons shall be thought of as incident, their momenta need to be reversed, k —k, in order 
to obtain 2 — > 3 cross sections. In this Section, we use the standard mass dimension two kinematic 
invariants Sij and Sj, see Eqs. (2.4) and (2.5), although the dimensionlcss variables .Sy and Sj [normal- 
ized in string units, see Eq. (2.6)] enter implicitly as the arguments of dimensionlcss functions V^^\si) 
and P^^\si) defined in Eqs. (3.3) and (3.4). Furthermore, in the preceding sections we implicitly used 

the metrics with ( h) signature, so if one wants to revert to the standard (-1 ) (with e.g. 

Mandelstam's s > 0), a change of sign is required for all scalar products. Finally, the QCD coupling 
constant g = gopa = 9D6a while g^ = gop^ = goGi, is the "electroweak" coupling constant associated to 
stack b. 
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8.1 Five gluons 

The starting expression is (3.8) describing one specific helicity configuration. We take its modulus 
squared, sum over all helicity configurations and color (adjoint) indices of five gluons: 

|A^(5i,52,53,54,55)|' = 645M^,4.j ^ CxSxx'Cl, (8.1) 

\i<j J A.A'GHs 

We have introduced shorthands for the twelve-vector of C permutations 

Cx = C{h„k2„h„h„h,) (8.2) 

and the color matrix 

ai,...,a5 

The matrix elements can be evaluated by using elementary methods. We will consider two cases 
separately: with all five bosons associated to non-abelian gauge group generators and with one or more 
bosons associated to a U{1) subgroup of U (N). In the "all-non-abclian" case which, in particular, covers 
the case of five-gluon scattering in QCD, the color matrix has the form written in Tables 3 and 4. 





(1234) 


(1243) 


(1342) 


(1324) 


(1423) 


(1432) 


(2134) 


(2143) 


(2314) 


(2413) 


(3124) 


(3214) 


(1234) 


D 


+x 


+Y 


+x 


+Y 


-X 


+x 


-Y 


+Y 





+Y 


-X 


(1243) 


+x 


D 


-X 


+Y 


+x 


+Y 


-Y 


+x 





+Y 


+x 


-Y 


(1342) 


+Y 


-X 


D 


+x 


+Y 


+x 


+x 


-Y 


-Y 


-X 


-Y 





(1324) 


+x 


+Y 


+x 


D 


-X 


+Y 


+Y 





-X 


+Y 


+x 


+Y 


(1423) 


+Y 


+x 


+Y 


-X 


D 


+x 





+Y 


+Y 


-X 


-Y 


-X 


(1432) 


-X 


+Y 


+x 


+Y 


+x 


D 


-Y 


+x 


-X 


-Y 





+Y 


(2134) 


+x 


-Y 


+x 


+Y 





-Y 


D 


+x 


+x 


+Y 


-X 


+Y 


(2143) 


-Y 


+x 


-Y 





+Y 


+x 


+x 


D 


+Y 


+x 


-Y 


+x 


(2314) 


+Y 





-Y 


-X 


+Y 


-X 


+x 


+Y 


D 


-X 


+Y 


+x 


(2413) 





+Y 


-X 


+Y 


-X 


-Y 


+Y 


+x 


-X 


D 


-X 


-Y 


(3124) 


+Y 


+x 


-Y 


+x 


-Y 





-X 


-Y 


+Y 


-X 


D 


+x 


(3214) 


-X 


-Y 





+Y 


-X 


+Y 


+Y 


+x 


+x 


-Y 


+x 


D 



Table 3. Matrix elements 5aa'- Since the elements of the permutation set lis, see Eq. (3.9), have the 
common last number equal 5, the rows and columns are labeled by first four numbers. The entries D, 
X and Y depend on the gauge group and are listed in Table 4- Note that the matrix is symmetric. 
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Group 




Up 


AT . 


n / AT . 


Y /AT . 


1 /ima 


SU{N) 


N 






Ar4-4Ar2+l0 


2-Af2 


1 

8Af 


2N 


16Af 


STV 


SO{N) 


N-2 


N-1 


N{N-l) 


(N-2)(N^-2N+2) 


{N-2f 


Af-2 


2 


4 


2 


128 


128 


64 


Sp{N) 


A'+2 


N+1 


N{N+1) 


{Af+2)(Af2+2Af+2) 


(Af+2)2 


N+2 


2 


4 


2 


128 


128 


64 



Table 4. T/ie elements D, X,Y (or 0) ofSw evaluated for semi-simple gauge groups generated by 
stacks of D-branes. For completeness, we also list the Casimir operators Ca and Cp for the adjoint 
and fundamental representations, respectively, and the dimension Na of the adjoint representation. 

If one of particles, say number 1, is a Uil) gauge boson, the corresponding generator is replaced by 

T"! = Qt . (8.4) 

Although for a U{1) subgroup of U{N), the canonical normalization is Q = l/s/^N, we treat Q as an 
arbitrary parameter. Note that four non-abelian gauge bosons are then necessarily SU{N). The color 
factors (3.7) become 



j.aia2a-ia4a^ 



and the amplitude (3.8) simplifies considerably in the color sector: 

A^(7i+, 92^9l.9l.9t) = 4^2 / [15]' [ (C(i234) - ^(1432) + ^(2134) + C(23i4)) ^q^"^"^"^ 

+ (C(1243) ~ C(i342) + C(2143) + ^(2413)) ^^2040305 

+ (C(1324) - C(i423) + C(3i24) + ^(3214)) t'^"'^"'*"'^ (8.6) 



After adding squared amplitudes describing all possible helicity configurations, and summing over color 
indices of four gluons, we obtain 



|A^(7i, 52,53,54,35)1' = 8g^QHN^-l)iN^-4) [Y^s 



i<j 



I |2 I |2 

1^^(1234) — C(i432) + C(2134) + (^(2314) | + |C(i243) — C(i342) + C(2143) + C(2413) | 

+ |C(1324) — C(i423) + C(3i24) + C(32i4)| • (8.7) 

In the case of two abelian gauge bosons, T"! = T"^ = Qt, the color factor becomes 



(8.8) 



and the amplitude (3.8) simplifies to 

M{^t,^^,g^,9^,9t) = 4V25^t^3a4a5[i5]. 
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'^(1234) — C(i432) + C(2134) + C(2314) 



'(1243) + C(i342) — C(2143) — ^(2413) + ^(1324) — ^(1423) + ^(3124) + ^(3214) 



(8.9) 



After adding squared amplitudes describing all possible helicity configurations, and summing over color 
indices of three gluons, we obtain 

|A^(7l,72,53,54,55)|' = 16/Q^iV(Ar2_l) J] 4 j |C(i234) - ^(1432) + C(2134) + C(2314) 

— C(i243) + C(i342) — C(2143) ~ ^(2413) + ^(1324) " ^(1423) + ^(3124) + ^(3214) | . (8.10) 

The amplitudes with three or more abelian gauge bosons vanish identically. 

The squared amplitudes (8.1), (8.7) and (8.10) can be further simplified by expressing all C-functions 
in terms of the two-element basis C(i342), (^(2413), using the relations listed in Table 2. 

8.2 Three gluons, two quarks 

We begin with the case of all three non-abelian gluons originating from stack a, with the amplitude 
given in (4.32). After taking its modulus squared, summing over all helicity configurations and over 
color indices of quarks and gluons, we obtain 

\M{gi,g2,g3,q4,q5)f = 16/ J] (4si5 + Si4 4) CxVxyCl, , (8.11) 

i=l,2,3 

where the entries of the matrix V can be extracted from Table 5. 





(12:-!) 


(i:-!2) 


(21:-!) 


(2:n) 


(:U2) 


(:-!2l) 


(123) 


D, 


X, 


X, 


y. 


y. 


z. 


(132) 


X, 




y. 




X, 


y. 


(213) 


X, 


y. 




X, 




y. 


(231) 


y. 




X, 




y. 


X, 


(312) 


y. 


X, 




y. 




X, 


(321) 




y. 


y. 


X, 


X, 





Table 5. Matrix elements V\\i. Since the elements of the permutation set Jlq, see Eq. (4-33), have 
common last two numbers (4,5), the rows and columns are labeled by first three numbers. The entries 
Dq, Xq, Yq and Zq depend on the gauge group and are given in Eqs. (8.12)-(8.15). Note that the 
matrix is symmetric. 

Its elements can be written as 
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(8.12) 



NCl [Cf - 



NCf Cf 



Ca 



Ca 



NCf [Cf - ^] {Cf - Ca) 



(8.13) 
(8.14) 
(8.15) 



where the group constants enclosed by square brackets with subscripts a and b refer to the respective 
stacks and can be read out from Table 4. 

If one of the vector bosons is associated to the U (1) subgroup of U (N) and the other two are SU{N) 
gauge bosons, the amplitude (4.32) simplifies to 



M{^t,92,93,q4,Qt) = 2V2/g[14] [15]3 [(C(i234) + C(2134) + C(2314)) (T'^^T'^«)2^5g 

+ (C(1324) + C(3124) + C(3214)) (T«3T«^)^4 



(8.16) 



After adding squared amplitudes describing all possible helicity configurations, and summing over all 
color indices, we obtain 

rAr2_i- 



N 



•t=l,2,3 



X 



+ C, 



(1324) + C(3i24) + C(3214) 



|A^(7i, 52, 53, 94,^5)1" = 4/q2[^]^ 

[AT^ - l]^ (^|C(i234) + C(2134) + C(2314) 

- 2Re |(C(i234) + C(2134) + C(2314)) (^(1324) + ^(3124) + ^(3214))} 

With two and three abelian gauge bosons, the amplitudes acquire even simpler form: 



Aen„ 



A^(7i+,72-,73-,C,^5+) = 2^iQ'^bllb%\\^\\\hfY.^^ 

Aen„ 



(8.17) 

(8.18) 
(8.19) 



and the respective squares become 

2 

1^4(71,72,53,94,95)1" = 85'Q^[iV]5[7V2-l]„ ^ (4si5 + sa4) E ' (8-20) 

1=1,2,3 AeHg 

2 

1^4(71,72,73,94,95)1" = \^g''Q''\N\\N\a ( 

)\Y.CA . (8.21) 

1=1,2,3 AeHq 

Next, we consider two non-abelian gluons from stack a and one from stack 6, with the amplitude 
given by equation (4.35). After taking its modulus squared, summing over all helicity configurations 
and over color indices of quarks and gluons, we obtain 

|A^(5l,52,?>3,94,95)|^ = 16/56[iVCF]6[ACF]„ E (4si5 + Si4 4) 

i=l,2,3 



57 



^ (|C(1243)f + |C(2143)f ) + Cp ^ (^(1243)^(2143) + ^(1243)^(2143)) | • (8.22) 

A simple replacement of group factors in the above formula covers also the case of ?7(1) gauge boson 
from stack h: 

1^(51, 32,763, 94,95)1^ = |A1(5l,52,&3,94,95)|^ ^^^^ , (8-23) 

\NCF\b^[NQ^\b 

Finally, we consider the case when one of the two vector bosons from stack a is associated to U (1): 

|A4(7i,52,&3,g4,g5)|' = l&g^gl[NCFWNCF]a ( + Si4 sfs) |C(i243) + C(2143)|' (8.24) 

1=1,2,3 

If the second gauge boson from stack a and/or the gauge boson from stack b are associated to U{l)s, 
the corresponding formulas can be obtained from the above equation by replacements NCp NQ^, 
as in (8.23). 

8.3 One gluon and two quark-antiquark pairs 

The amplitudes involving one gluon and two quark-antiquark pairs are more complicated and in some 
way more interesting than other five-point amplitudes because they are non-universal and depend on the 
geometry of compact dimensions. As explained in Ref. [15], such amplitudes can be used as "precision 
tests" of low mass string theory that relate geometry of compact dimensions to the collider data. The 
results presented in Section 6 are derived in the specific context of orientifold compactifications with 
intersecting stacks of D6-branes and, similarly to four-fermion amplitudes discussed in Section 6.3 of 
[1], need some explanations before employing them in collider phenomenology. 

The main problem with non-universal amplitudes discussed in Section 6 as well as in Section 6.3 
of [1] is that already in the leading low-energy approximation (a' — limit) they include the effects of 
particles that are expected to acquire masses of order Mstring while on the other hand, they are missing 
some contributions of intermediate electro-weak gauge bosons. As an example, consider the process 
ni(l)(i/,(2) UL(3)dL(4) + g(5) which is described by the amplitudes Mp^ of Eq. (6.28), receiving 
contributions from the ordcrings pi = (1,2,3,4,5) and pi = (2,3,1,4,5) only. The corresponding 
Chan-Paton factors, with the indices appropriately relabeled, are 

t(l,2,3,4,5) = {T'^nX i(2,3,l,4,5) = {T'^^Z^^t- (8-25) 

The leading terms in the low energy expansions of the corresponding partial amplitudes are written 
in Eqs. (6.45) and (6.54), respectively, where the momentum and group indices require relabeling 
1^5, 2 ^ A, 3^2, A ^ 3, 5^1. Inside the terms proportional to g^, one can easily identify 
the contributions due to t-channel exchanges of virtual gluons. The Chan-Paton factors (8.25) reveal 
that in addition to gluons, there are also massless U{1) baryon number gauge bosons propagating 
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in this channel. However, a mass of order Mstring is generated for the anomalous gauge boson, by 
the Green-Schwarz mechanism that operates beyond the disk level. For phenomenological purposes, 
one could subtract these contributions by hand, but it is really not necessary because one could also 
argue that they are suppressed by color factors of order 0{1/N) with respect to gluons. A more 
serious problem appears in the terms proportional to gag^' although they exhibit correct n-channel 
singularities due to charged electroweak bosons, they miss the t-channel poles normally associated to 
the neutral electroweak boson! In principle, this problem could be cured by considering an electroweak 
stack of Z)-branes with Sp{2) instead of U{2) gauge symmetry. The lesson to be learned from this 
example is that the amplitudes under consideration require careful handling prior to investigating their 
phenomenological consequences. 

In Ref. [15], we made some concrete proposals how to apply four-fcrmion amplitudes in the LHC 
studies of model-dependent features of dijet signals. A similar procedure could be applied to the 
processes involving additional gauge bosons, however we do not want to prejudice the reader, hence 
we limit ourselves to summarizing the most important properties of the results derived in Section 6. 
The amplitudes for the scattering processes involving quark electro-weak doublets only are written in 
Eqs. (6.28) and (6.29), with the latter one contributing only in the case of identical flavors. They are 
covered by case (i) in Section 6.2, where the properties of the respective G-functions are extensively 
discussed. The processes involving both quark doublets and quark singlets require three stacks and 
are covered by case (ii). They are still described by Eq. (6.28), with the G-functions appropriately 
modified to accommodate the instanton effects etc., see Eq. (6.57). Finally, the processes involving 
not only quarks but also leptons, necessary for the discussion of jets associated to Drell-Yan pairs, are 
covered by the four-stack case (in). Here only one ordering is picked up from Eq. (6.28), and the 
G-functions receive further modifications, see Eq. (6.61). In all cases, the Chan-Paton factors are very 
simple, therefore squaring these amplitudes and summing over the group indices do not present any 
problems. 

9 Summary 

The fundamental string mass scale is an arbitrary parameter. If it is in the range of few TeVs, vibrating 
string modes, i.e. Regge excitations predicted by critical superstring theory, will be observed at the 
LHC. In this paper, we extended our discussion of the scattering processes with the best potential 
for revealing the effects of Regge excitations, to the case of five external particles. The corresponding 
amplitudes describe processes underlying three jet production, photon (or electroweak bosons) plus 
dijets, jets associated to Drell-Yan lepton pairs and many other processes that can be used not only 
to discover Regge excitations of quarks and gluons but also to determine their masses, spins, decay 
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widths [38] , branching ratios and other properties as predicted by superstring theory. 

Without any doubt, the most interesting property of full-fledged string disk amplitudes is their 
universality, i.e. their model-independence. The amplitudes involving arbitrary number of gluons and 
at most two fermions do not depend on the compactification details. In this work, we exhibited a larger 
universality, between the amplitudes involving one quark-antiquark pair plus a number of gluons and 
their purely gluonic counterparts obtained by replacing the quark-antiquark pair by two gluons. This 
becomes particularly striking after collecting Eqs. (2.17), (2.18), (3.1) and (4.28): 

(9.1) 

MJ9t,92,9s,\'t'i) = \v('\k)-2iP^'\s,)eil,2,3A)\ M'^^'' (9t , 92 , 9s , \ ^i' i) , 

^ I ^4 ' ^5 I ^4 ) ^5 ^ 

where p refers to any partial amplitude. As explained in Subsections 2.4. and 4.4, we expect the 
relation between purely gluonic amplitudes and those involving one quark-antiquark pair to remain 
valid for A^-point amplitudes. In Sections 5 and 7, we also explained how the recently derived relations 
between partial amplitudes can be used to express all these universal amplitudes in terms of (N — 3)! 
functions of kinematic variables. 

If fundamental strings are discovered at the LHC, the landscape problem will be nullified, however 
a whole class of new, difficult problems will come into focus. With the present understanding of 
superstring theory, it is not clear what to expect beyond the string threshold. The name used for 
describing this energy domain is "trans-Planckian," dating back to the times when the string mass 
was automatically assumed to be near the Planck mass. It is possible that we will be exploring such 
trans-Planckian physics very soon. 
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Appendix 

A Material for computing parton amplitudes 

In this Appendix we present the world-sheet CFT correlators relevant to the computation of the string 
amplitudes in Sections 4 and 6. 

For the scalar ^ bosonizing the superghost system we have 

(e-<A(-i) e-0(.2)/2 ^-<A(.3)/2^ = z-,'/' z-,'/' z-i/\ (A.la) 

^g-</.(zi)/2 g-0(z2)/2 g-</.(z3)/2 g-</.(z4)/2^ = I ^ (A. lb) 

while for the bosonic space-time coordinate fields X^^ 

n 



i<j 



dXi'izA) fle^^^^'^'A = (-2ia'f2 ) {\{e'^^''^'A , (A.2b) 



i=i \ r=i^^"^'7 i=i 



/ ''^ l,V IIV \ ''^ 

(dX''{zA)dX^{zB)Yle"^^''^'A = -4a'2 ^ - 2a' V (H^*''^'^^)' (^-^c) 

^ i=l ^ \ r,s=l^^'^^^'' ^AbJ \=i ' 

and for the NS-R SCFT with the V''', and fields: 

(V''^(^l)5a(^2)5^(^3)) = (2 ^12^13)-'/' <^ , 

(V'''(2;i) V'''(^2) i^^iZi) Sa{zA) Spiz^)) = (2 2:14 2:15 224 ^25 ^34 ^35)"'^''^ 

/ ^45 / u -z, A\ . iiu X ^14 ^25 uA 1/ ^14 ^35 , i^A ^24 ^^35 1 

\ 2 ^ ' «/3 zi2 ' ^13 "/^ ^23 J 

(A.3) 

Because of the term proportional to lp^^'^l)^ in the gluon vertex operator (2.22b) for the computation of 
the gggqq amplitude we also need the seven point function [28]: 

{lp^{zi) 1p''{z2) tp^izs) 1pP{z4) tp'^{z5) Saize) S ^{z^)) = (2 Zie Zi7 Z26 Z27 Z3Q Z3Y Z46 Z47 Z^Q Z^-jY^I"^ 

J IJ- ( yX PT Z26Z37Z46Z57 ^26^57^36^47 vp At ^26 2:47. 

[ V Z23 2;45 -225-^34 ^24 - 



• ^=36 Z57 
IZ35 



Zl6 Z37 Z46 Z57 


+ 




ZI6 Z57 Z3Q Z47 


- r]''fr]^^ 


ziQ Z47 Z3e Z57 


Zl3 Z45 






Zl5 Z34 




zu Z35 


Zm Z27 Z4S Z57 


+ 




Zl6 Z57 Z26 Z47 


- ri^Pif^ 


Zie Z47 Z26 Z57 


Z12 Z45 






Zl5 Z24: 




Zl4 Z25 


ZI6 Z27 Z36 Z57 


+ 




ZI6 Z57 Z26 Z37 


- rf^jf^ 


ZI6 Z37 Z26 Z57 


Z\2 235 






Zl5 Z23 




Zl3 Z25 
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, T (^fii^^Xp ^16 Z27 Z36 Z47 „HP „i^X ^16 ^47 2^26 ^37 _ nX up 2l6f37f26f47\ 
"'^ V 2:12234 Z14Z23 -213-224 / 

I ^67/, uu/ \-p T\ Z16Z27 aX/ v-p t\ Ziq Z37 

+ ^1^+^'^ ^ ^ ^"^^12 '^"^^iT 

, up/ u-X T\ ZiqZ4Y ut ( u -X p\ ZiqZ^'j 

+ r]^'P{a a a — 77^ (a a a^^^ — 

z\4 /515 

, vXt u-P T\ Z2&ZZ7 VP I u-X T\ Z2%Z47 

Z23 Z24 

, UT / u-X p\ Z26 Z57 \p/ a-u T\ Z2,QZ47 

Xt I u-u p\ ZsqZ^y ^ Z4qZ57\ (Z(o7\^ I u -i> X-p t\ 1 

- r?^^Kc7 aP)^^ — — + rjP^ia^'u a^)^^ — — J + j ^ 

(A.4) 

This correlator is derived thoroughly in a separate paper [28] . The computation of the gqqqq amplitude 
requires correlation functions involving four spin fields: 



{Saizi) S^{Z2) S,{zs) S^{Z4)) = -. ^ . (A.5) 

In addition, in the presence of one fermionic pair ^p^ip'^, the following correlator is derived in [28]: 

(^13 2^14 -215 -216 2:23 2:24 2^25 2^26) / (235 -246) / 



{n^'^ zi5 
— ea^e^^Zi3Zl5Z24Z26 + ^ (c^^^ C^^^^ 2^24 2^36 - (7^ a;^^ Z26 2:34) 



•213 I V u .up \ 

■ K$ % ^26 Z45 + CT^s </j ^24 256) 



(A.6) 



B Hyper geometric function relations 

Here we present the restrictions, which follow from requiring gauge invariance, on the hypergeometric 
integrals in equations (4.14) and (4.9). Each of the three ^ ki, i = 1,2,3 operations (with the 
remaining polarization vectors untouched) gives a separate block of relations. For ^1 — > ki we obtain 

(1 - Si) H^g - (S4 - Si - S2) - {S2 - S4- S5)H^ = , 

Si HP + {S4 -Si- S2) HP + {S2 -S4-S5)HP = 0, (B.l) 
Si H^ + (S4 - Si - S2) -ffg + (S2 - S4- S5)H^ = , 
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for ^2 — k2 

(1 - Si) iJfo + S2 HP + (S5 -S2- S3) HP = 0, 

-Si + S2 RP + (S5 - S2 - S3) HP = G, (B-2) 
-Si + S2i/^ + (S5 - S2 - S3) i^8^ = , 

and finally for ^3 — > ^3 : 

iJ4^ - rp + rp = o, 

-Si ilg^ + S2 i?^ + (Si + S5 - S2 - S3) if"^ = , 

(s4 - Si - S2) R^ + S2R^ + (si - S3 - S4) i7| = , 

ii'fo ~ (^2 - S4 - S5) i/g - Si H^^ - (S4 - Si - S2) ifg = , 
S2 R2 + (Sl - S3 - S4) R^ + (S4 - Si - S2) -ffg = , 

(B.3) 

(S4 - Sl - S2) R? + S2 R^ + (Si - S3 - S4) R^ - S2R^ = 0, 
Sl R2 + (S4 - Sl - S2) -f^l + (S2 - S4 - S5) iJy = , 
(S4 - Sl - S2) + S2 + (si - S3 - S4) i?^ = , 
-S2RS + {S2 + S3-Si-S5)RI^ + SiRP = 0, 

Hlo + H - Hli = • 

Note, that these relations have to hold for any group ordering p. In the next Appendix C we present 
a two-dimensional basis of functions, which solves the equations (B.l), (B.2) and (B.3). 

C Two— dimensional basis of hypergeometric functions 

In the previous Appendix B we have listed universal relations (B.l), (B.2) and (B.3), which hold 

for the integrals for any given group ordering p. In fact, these equations allow to express the 
hypergeometric integrals R^ in terms of two basis functions. In Eq. (4.15) for any ordering p we have 
chosen the pair: 

h{ = RP , hp2 = RP. 

Hence, in the case (z) we work with the basis (4.16), while in case {ii) with (4.17). For a given ordering 
p all the other nine functions R^ can be expressed as linear combination (4.18) of the basis (4.15). The 
coefficients C|, C^, i = 1, . . . , 11, which are determined by the equations (B.l), (B.2) and (B.3), are 
rational polynomials in the kinematic invariants (2.6) and do not depend on the permutation p. In the 
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following we display the relations (4.18) for all eleven function H^: 
H§ = K, 

rrp _ g4 is4 - Sl - S2) p _ S4 {Sj + S5 - ^2) " Sj (^4 + ^s) , p 

51 (Sl - S3 - Sa) Si (Si - S3 - S4) 

_ S4 (Si + S2 - S4) f 1 ]^ 1 _ S4 + S5 - S2 f Sl - S3 - S4 + S5 _|_ S4 1 

^ Sl - S3 - S4 \ S2 + S3 - S5 Sl J ^ Sl - S3 - S4 I S2 + S3 - S5 Si J ^ ' 

H^, = — '-^ — K - '-^^^^K, 

52 + S3 - S5 S2 + S3 - S5 

j^p _ S4 (Sl + S2 - S4) ^p _ S2 (S3 + 2S4) - S4 (S4 + S5) + Sl (S4 + S5 - S2) ^p 

^ (Sl - S3 - S4) (S2 + S3 - S5) ^ (Si - S3 - S4) (S2 + S3 - S5) ^ ' 

^9^ = 1^^ + — ]K - (S4 + S5-S2){— 

t Sl S2 + S3 - S5 J t S2 + S3 - S5 Sl J 

p _ (Si + S2 - .SVl) [(.Sl - S3)(S2 - S4) - S4S5] 
""lO - Sl (Si - 1) (Si - S3 - S4) 

_ (S2 - S4 - S5) [(Si - S3)(si + S2 - S4) + (si - S4)s5] 

Sl (si - 1) (Si - S3 - S4) ^ ' 

ffP - i ^'^^ + *2 - S4) (sfs4 + Sl [-S4 + (S2 - 2S4)(S2 + S3 - S5)]) 
I Sl (Sl - 1) (Sl - S3 - S4) (S2 + S3 - S5) 

_ (Sl + S2 - S4) [S2S3 + S4(-l - S3 + S5)] 1 

Sl (si - 1) (Sl - S3 - S4) J ^ 

_ J (S2 - S4 - S5) [-sl + Si(l + S2 + 2S3 + S4 - 2S5)] 
I (Si - 1) (Si - S3 - S4) (S2 + S3 - S5) 

(S2 - S4 - S5) [s| - S4 - 2S2S4 - 53(1 + S3 + 2S4) + S5 + 2(S3 + S4)S5 - s|] 
(Si - 1) (Si - S3 - S4) (S2 + S3 - S5) 

_ (S2 - S4 - S5) [S2S3 + S4(-l - S3 + S5)] 1 

Sl (Si - 1) (Si - S3 - S4) J ^ ' 

We would like to stress that the identities given in Appendix B and C - in particular the coefficients 
CI, C2 in the relations (4.18) - are completely independent on the given ordering p. Hence, these 
relations allow to simplify all six orderings in the same way. With these relations it is possible to write 
the partial amplitudes (4.9) and (4.14) in terms of the two-dimensional basis (4.15). Obviously, the 
coefficients Cf^ and Cf^ are much more tedious than the others and show a potential tachyon pole 



(C.l) 
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j^i^- So it makes sense to work with the original kinematics X^, instead of the particular blocks 
/C^o = — X'^ and /C^^ = —siX^ + X'^. Eventually, the final result for the generic (color stripped) 
gggqq subamplitudes can be given as (4.19) for both cases (i) and (ii). 

The coefficients C^jC^ for i = 1, ...,9 can be read off from (4.18) and (C.l), while the coefficients 
L>i are fixed by the combinations /C^° = - and /C^^ = -siX'^ + X^: 

Dl = Cr-s,C\^ = + - / ^^ ^3 + ^4 (.5 - .3) ^1^4 . 

Si - S3 - S4 [ Si S2 + S3 - S5 



S4 (Si + S2 - S4) f 1 1 



Si - S3 - S4 L S2 + S3 - S5 Si 



nl - « _ S2 - S4 - S5 / Si (Sl - S2 - 2S3 - S4 + 2s5) , 9« I «^ 

-L'2 — G2 -S1C2 = < , - (S2 - S3 - /JS4 + S5I , 

Sl - S3 - S4 t S2 + S3 - S5 

_l_ S2 S3 + S4 (S5 - S3) 
Sl 

£)2 ^ _fjlO (jll ^ S4 + S5 - S2 I Sl - S3 - S4 + S5 _^ S4 



Sl - S3 - S4 [ S2 + S3 - S5 Sl 

(C.2) 

Finally, in the form (4.19) the unphysical tachyon pole originating from the expressions (C.l) for 
if^Q and H'I^ is eliminated and the residual pole structure reflects the relevant SM propagators from 
the Yang Mills limit of this scattering process. Explicitly, with (C.2) the contribution of H^^q and H^^ 
to the subamplitude (4.19) is given by 

i7fo^'° + ^fi/C^' = D\h'[X' + Dlh{X'' + Dlh^^X^ + DlhP^X'' 

Sl + S2 - S4 r S2 S3 + S4 (S5 - S3) Si S4 



Sl - S3 - S4 [ Sl S2 + S3 - S5 

+ + - I ^ 11 h^,X^ 

Sl - S3 - S4 [ S2 + S3 - S5 Sl J 



(s2 - 2s4) I h{ X^ 



S2 - S4 - S5 f Sl (Si - S2 - 2S3 - S4 + 2S5) , n , \ 

+ < , - (S2 - S3 - 2S4 + S5) 

Sl - S3 - S4 [ S2 + S3 - S5 

^S2S^±^(S^|^,^1 

^ S4 + S5-S2 r si-S3-S4 + S5 ^ S4 | , 
Sl - S3 - S4 t S2 + S3 - S5 Sl J 

D Subamplitudes of gggqq and low energy expansions 

Prom the expressions (4.9) and (4.14), it can be seen that one partial amplitude A(lp, 2p, 3p, 4p, 5p) 
is specified by eleven integrals or hypergeometric functions multiplying some kinematics /C' from 
the list (4.4). At any rate, for each case (i) and (ii) it is sufficient to work out only one ordering. 
More precisely, all six orderings of case (i), depicted in Figure 7, may be obtained from the ordering 
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p= (1,2,3, 4, 5) by respective permutations of gluons. The partial amplitude ^(1,2, 3, 4, 5) is discussed 
in more detail in the following. Furthermore, the two orderings of case (m), depicted in Figure 8, may be 
obtained from the ordering p = (1,2,4,3,5) by respective permutations of gluons. A detailed analysis 
of the partial amplitude A(l,2,4, 3,5) is presented in this Section. 



Subamplitude A{1, 2, 3, 4, 5) 



In this Subsection we focus on the hypcrgeometric integrals and the a'-expansions of the partial 
amplitude ^(1, 2, 3, 4, 5). According to (4.8) in the amplitude (4.9) the parameters x = Z2 and y = Zi/z2 
have to be integrated over the region X(i2345) = {x,y GR| — oo<a;<0, 1 < y < oo}. After the 
change of variables 

X , y ^ — , (D.l) 

1 — X xy 

the region X(i2345) is mapped to the unit square and (4.9) can be cast into: 

1 1 

A(l, 2,3,4,5) = -^a'^ghp^ J dx J dy x'^ y'^ (1 - xY^l - yy^ (1 - xyY^-'^-'^ 



/Ci ^ /C^ ^ /C3(l-xy) , /C^ 



(l-a;)(l-y) x{l-x)y{l-y) x{l-x)y{l-y) {1 - x) {1 - xy) 

+ TZ. T + -7Z. T + -T-. ^ + 



{l — x)y{l — xy) y {1 — x) x{l — x)y {l — x)y{l — xy) 
+ r + -. r-. r-. r + 



(D.2) 



{l-x)y{l-y) {l-x){l-y){l-xy) {1 - x) y {1 - y) {1 - xy) 

^Aa-gl^^J^nr^'^V. (D.3) 
1=1 

According to the results of Appendix C all eleven hypcrgeometric integrals H^^'^^'^^^ may be ex- 
pressed in terms of a two dimensional basis (4.15). For the present case the latter is represented by 
the two integrals (4.16): 

1 1 

^(12345) ^ - J dxjdy x''-^ y'^-^ (1 - x)"3-i (1 _ yy4-i _ ^yyi-ss-s^+i ^ 

\ \ (D.4) 
^(12345) ^ - Jdxjdy x''-^ y'^-^ (1 - x)"3-i (1 _ yy4 _ xy)'^-ss-s^ 


With this basis (D.4) the amplitude (D.3) may be cast into the form (4.19), with the coefficients to be 
read off from Eqs. (C.l) and (C.2). 

The low-energy expansion of the amplitude (D.3) is determined by the a'-expansion of the eleven 
functions Hj^^'^^^^\ However, due to the relations (C.l) it is enough to determine the a'-expansion for 
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the basis (D.4) only: 

/.r''^ = ^ ^ - C(2) f2-^-^-^-^-^-^') + O(a0, 

S2S4 S2S5 V S4 S2 S5 S5 S2J 



(D.5a) 



4^^^^^) = -^^ ^ - C(2) + o{a') . (D.5b) 

V S3 S2 S5 55/ 



Subamplitude A{1,2, 4, 3, 5) 

In this Subsection we focus on the hypergeometric integrals and the a' expansions of the partial 
amplitude ^(1,2,4,3,5). According to (4.13) in the amplitude (4.14) we have to integrate over the 
region X(i2435) = {x,y eH \ — 00 < x < , 0<y<l}. After the change of variables 

X -j^ — Y- ' y ^ xy , (D.6) 
{l-x}y 

the region X(i2435) is mapped to the unit square and (4.14) can be cast into: 

1 1 

^(1,2,4,3,5) = -^a'^ghp^gBp, JdxJ dy x-''-'^+'^ y'^ {1 - xY^l - yr'^^-'^ {1 - xyY^ 



+ -T-. TT^ T + V , 



(l-x)(l-xy) y{\-x){\-xy) y{\-x){\-xy) (1 - x) (1 - y) 

/C^ KP K7 K^il-xy) 
+ -T-. T + r + T--. ^ + 



x{l-x)y{l-y) xy{l-x) {l-x)y x{l-x)y{l-y) 

+ -TZ T + 7^ TT^ TT^ T + 



(D.7) 



x{l-x)y{l-xy) (1 - x) (1 - y) (1 - xy) x (1 - x) y (1 - y) (1 - xy) 
- 4a'2,^,„,Dp.i:i/r^^)r . (D.8) 

i=l 

According to the results of Appendix C all eleven hypergeometric integrals H^^'^'^^^^ may be ex- 
pressed in terms of a two dimensional basis (4.15). For the present case the latter is represented by 
the two integrals (4.17): 

1 1 

^(12435) ^ - j dx j dy a;-^2-^3+s5 yS5-i (1 _ ^yz-i _ yy^-ss-s^+i _ ^y)S4-i ^ 

\ \ (D.9) 
^(12435) ^ - Jdxjdy x-'^-'^+'^ y'"-^ (1 - x)"3-i (1 _ yyi-ss-s^ _ ^yy4 _ 


With this basis (D.9) the amplitude (D.8) may be cast into the form (4.19), with the coefficients to be 
read off from Eqs. (C.l) and (C.2). 
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The low-energy expansion of the amphtude (D.8) is determined by the a'-expansion of the eleven 
functions iJ^^^^^^^. However, due to the relations (C.l) it is enough to determine the a'-expansion for 
the basis (D.9) only: 

h^^''''^ = + C(2) (1 + ^-^-^) + Oia') (D.lOa) 
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